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INTRODUCTION 


Our work in the remainder of the course is directed towards Gédel’s 
Incompleteness Theorems, which will be proved in Unit 8. For this purpose 
we must consider the idea of a formal system. 


What is a formal system? 
Mathematical statements are usually written in a natural language such as 


d 
English, augmented with some special symbols such as — and . Natural 


dx 


languages have great advantages, but from our point of view they also have 
the defects of vagueness and ambiguity. In a formal language, however, we 
try to avoid these defects. We state explicitly what the basic symbols of the 
language are, these being the analogues of the letters of the alphabet and 
the punctuation marks of a natural language such as English. We also state 
precise rules for determining which strings of these basic symbols count as 
formulas of the language, these being the formal counterparts of meaningful 
statements in a natural language. This already contrasts with a natural 
language — could you give precise rules for deciding which strings of letters 
of the alphabet are English words? The rules for saying which strings count 
as formulas are called the syntax of the language. The way we give 
mathematical meaning to the formal language is called its semantics. 


The intention is that these rules are such that there is an algorithm for 
determining which strings of our basic symbols are formulas of the language. 
In Unit 2 we showed how we can assign code numbers to URM programs. 
Analogously we shall attach code numbers to strings of basic symbols. We 
saw that the characteristic function of the set of code numbers of URM 
programs is primitive recursive. It follows that there is a URM program 
which determines whether a given natural number codes a URM program. 
In a similar way it will turn out that there is a URM program which 
determines whether a given natural number codes a formula of our language. 
Thus the syntax of the language has an algorithmic character. 


Usually, when carrying out mathematical arguments, we do not state 
explicitly which logical principles we are using. In a formal system the rules 
used in carrying out deductions are stated explicitly. These rules are applied 
to generate a sequence of formulas written in the formal language, and such 
a sequence, along with the explanation of how these rules have been applied 
to form it, constitutes a formal proof. Again, these rules have an algorithmic 
character, so we could devise a URM program which would check whether a 
purported formal proof really is a proof. 


Thus a formal system consists of a formal language, including rules for 
determining the formulas of the language, together with rules for generating 
formal proofs. 


We use ‘string’ to mean a finite 
sequence of basic symbols, and 
‘formula’ for those strings which 
comply with the rules of the 
language. As we shall see, the use 
of ‘formula’ here is rather broader 
than is usual in mathematics. 


See Theorem 3.10 of Unit 2. 


What is the use of a formal system? 


Recall that, in the Introduction to Unit 1, we asked you to keep in mind two 
questions at which this course is directed: Leibniz’s Question and Hilbert’s 
Question. Each of these questions provides a motivation for the setting up of 
a formal system for number theory. 


Leibniz’s Question: Is there an algorithm for deciding which statements of 
number theory are true? 


In Units 1 to 3 we have established what we mean by an algorithm and a 
decision procedure. To discover whether there is an algorithm for deciding 
which statements of number theory are true, we need first to be able to 
express the statements of number theory in a form to which algorithms may 
be applied, such as strings of symbols. Also, if we had no algorithm to 
decide which strings of symbols are formulas of the language, it would seem 
that we should have no hope of deciding which strings corresponded to true 
statements. Thus we must have a formal language for number theory in the 
sense described above. 


Hilbert’s Question: Can the consistency of number theory be proved using 
only non-dubious principles of finitary reasoning? 


Hilbert wanted a completely clear and finitary proof that number theory is 
consistent: that is, a proof, involving only the mechanical manipulation of 
finite strings of symbols, that one could never obtain contradictory 
assertions about natural numbers. In order to make sense of this question, 
clearly we require a precise notion of what a proof is. Once we have 
formulated this, then formal proofs themselves become the objects of 
mathematical investigation, just as numbers are the objects of study in 
number theory. Indeed, just as the natural numbers of number theory are 
finite objects and are manipulated according to mechanical rules, formal 
proofs are also finite objects and, in a formal system, they are manipulated 
using mechanical rules. This gives rise to the hope that we may be able to 
show, using simple reasoning, that these manipulations cannot lead to a 
contradiction. That is, we can try to carry out Hilbert’s programme and aim 
to give a finitary consistency proof for number theory. 


These then are the issues that we shall explore in this unit and in Units 5 
to 8. In this unit we shall introduce the formal language with which we shall 
express statements about number theory. We shall see how to represent 
formal statements by numbers, called Gödel numbers, to which algorithms of 
the sort we have seen in Units 1 to 3 can be applied. We shall look at the 
way in which formal statements are interpreted so that they can be seen as 
representing statements about N and about other sets with operations on 
them. And finally we shall begin to look at what it means for one statement 
to be a consequence of others, to give a yardstick for what we expect from 
the formal proof system. In Units 5 and 6 we shall develop the proof system 
for handling formal statements and we shall investigate a set of axioms for 
number theory. In Unit 7 we shall see that, with these axioms, the proof 
system has the power to represent recursive functions. In Unit 8 we shall see 
how Gédel knitted all these ideas together to answer Leibniz’s and Hilbert’s 
Questions. 


1 THE FORMAL LANGUAGE 


In this section we shall look at the basic symbols from which we can 
construct the formal statements, or formulas, that we shall use to represent 
statements about number theory. We shall also look at those combinations 
of the symbols, called terms, which will represent numbers and arithmetic 
expressions. We shall also discuss an algorithm for distinguishing between 
those combinations of symbols which are terms and those which are not. 


1.1 The basic symbols 


In devising a formal system for number theory we are pulled in different 
directions by two opposing considerations. We want the system to be 
sufficiently rich so that within it we can state and prove significant theorems 
of number theory. Without this it would hardly count as a formal system for 
number theory. On the other hand our intention is that the formulas and 
proofs of our formal system should themselves be the objects of 
mathematical study, and to this end it is desirable to keep things as simple 
as possible. 


We aim to steer a path between these extremes, but in formulating the 
language and the rules for formal proofs our bias will be towards simplicity. 
If we listed all the symbols used, for example, in the Number Theory units, 
we would end up with a fairly long list. However, it turns out that we can 
manage with remarkably few basic symbols. 


Consider, for example, how we might use symbols to state Euclid’s Theorem: 
There are infinitely many primes. 


We would need to find a way to express, in symbols, the property of being a 
prime number and the statement that there are infinitely many numbers 
with this property. 


A convenient way to express the fact that there are infinitely many primes is 
to say that there is no largest prime number. We can do this by saying that, 
given any number, there is always a prime number which is at least as large 
as the given number. If we use V to mean ‘for all’, 3 for ‘there exists’, and 
the symbol & to mean ‘and’, we can write Euclid’s Theorem as 


Va Jy (‘y is prime’ & x < y) 


We next need to replace the English phrase ‘y is prime’ by symbols. We 
know that a number y is prime if y # 1 and the only divisors of y are 1 and 
y itself. So if we use z |y for ‘z divides y’ then we can express ‘y is prime’ by 


(y #1&Vz(zly > (2 =1orz=y))) (1.1) 


Here we have used the symbol — to mean ‘implies’ (that is ‘if... then ...’). 
We ought to say here that we are regarding all our variables (x, y, z and so 
on) as referring to natural numbers, that is to 0, 1, 2, 3, ..., rather than to, 
say, integers or real numbers. Thus the first part of (1.1), before the 

& symbol, says that ‘y is not equal to 1’ and the second part, after the 

& symbol, says that ‘for all natural numbers z, if z divides y then z is equal 
to 1 or z is equal to y’. 


Thus we have the following symbolic expression for Euclid’s Theorem: 
Va dy ((y #1 &Vz(z|y > (z=lorz=y)))&a<y) 


However, we can simplify things even more. We are almost certainly going 
to need symbols for the basic arithmetical operations of addition and 
multiplication, so it is worth noting that divisibility can be defined in terms 
of multiplication and the < relation in terms of addition. Thus we can 
replace z | y by 3t (z - t = y) which says that there is a natural number t such 
that z x t = y, that is, there is a multiple of z which equals y. Also x < y 
can be replaced by Js (x + s = y). 


The final simplification we make at this stage is to use the symbol V in place 
of the word ‘or’. Putting all this together we see that Euclid’s Theorem can 
be expressed as 


Va dy ((y # 1 & Yz (At (z-t=y) — (2 =1Vz=y))) &As(a@+5=Yy)) 


Thus Euclid’s Theorem can be expressed using a limited stock of symbols. 
Indeed the symbols we have used to do this are almost all we need for a 
language powerful enough for number theory. 


Number Theory, Unit 2, 
Theorem 3.1. 


The notation z |y was introduced 
in Number Theory, Unit 1. 


Some of the symbols we have used, for example, the symbols &, V, >, V, J 
and = would be needed in any mathematical theory. These are called logical 
symbols, and we shall soon introduce more. These logical symbols include 
symbols for variables, which are needed by any mathematical theory to refer 
to the objects under consideration in that theory. Since we shall be 
interested in number theory, we intend that the variables should refer to 
natural numbers, though the logical rules that we shall introduce will be 
valid no matter to which set of objects the variables refer. 


Other symbols, such as + and -, are very special to number theory. We shall 
call them arithmetical symbols. The arithmetical symbols include symbols 
for addition and multiplication, and apparatus to provide symbols for all the 
natural numbers. You might think that this would involve using ten digits. 
We can, however, make do with a symbol 0 to denote zero and a symbol ’ to 
denote the operation ‘add one’. Thus, for example, we can denote the 
number two by 0”. Because we shall be interested in number theory, we 
intend the arithmetical symbols + and - to represent the usual arithmetical 
operations of addition and multiplication on the set of natural numbers. 
However, the formal system we describe will handle these symbols in a 
purely mechanical way that does not take into account their intended 
interpretation. To distinguish these symbols from their interpretations, we 
shall use a heavier print for the symbols, for example + rather than + and - 
rather than -. 


There is no limit to the number of variables that we may need. We used five 
variables, s, t, x, y, z, in expressing Euclid’s Theorem above. More 
complicated theorems will need even more variables. Since it is a key feature 
of our approach that our formal language is built up from a finite set of 
symbols, we provide for an unlimited number of symbols by using just two 
symbols x and ; from which we can generate the unending list 


T, Ti, Til, Till, --- 


of strings of symbols to serve as variables. For clarity and brevity we shall 
usually write these as 


To, Ti, T2, T3, ---- 


We are now ready to specify our basic symbols. 


Definition 1.1 Basic symbols 


The basic symbols of the formal language are: 
(a) Logical symbols: These come in five categories. 


(i) Connectives: =~ & V > = 
(called, respectively, negation, conjunction, disjunction, 
implication and bi-implication). 

(ii) Quantifiers: V 3 
(called, respectively, the universal quantifier and the 
existential quantifier). 


(iii) Identity symbol: = 


(iv) Punctuation symbols: (_ ) 


(v) Variables: £o z1 22... 


(b) Arithmetical symbols: 0’ + - 
(known, respectively, as the zero symbol, the successor symbol, the 
addition symbol and the multiplication symbol). 


We have already mentioned the intended meanings for the connectives & 
(‘and’), V (‘or’) and — (‘implies’ or equivalently ‘if... then ...’) and for the 
quantifiers V (‘for all’) and 4 (‘there is’ or ‘there exists’). It might help you 


The distinction between a symbol 
and its interpretation is important 
for the study of the subject. But 
there is no need for you to try to 
struggle to make this distinction 
when reading formulas in the units 
or writing them down in your 
assessment answers. The context 
will usually make it clear whether 
the symbol or its interpretation is 
meant. 


The connectives are sometimes 
referred to as logical connectives. 


We shall discuss the interpretation 
of all the symbols more fully in 
Section 3. 


to know that the intended meaning of the connective ~ is ‘not’ and of + is 
‘if and only if’. Also note that, as you no doubt expect, the intended 
meaning of the identity symbol = is to express the relation of equality. 


Before giving the precise rules for deciding which strings of the symbols we 
have introduced are to be regarded as formulas of our formal language, let 
us take some examples of informal statements of number theory and 
formulate them using only the basic symbols. We hope that this will give 
you some idea of how mathematically rich these few symbols are. 


One example is Euclid’s Theorem, which we have already seen can be 
written as 


Va Jy ((y 41 & Vz (It (z -t = y) > (z =1Vz=y))) & Is (x +s = y)) 


To express this in terms of the basic symbols we need to replace y # 1 by 
~y = 1 the variables x, y, z, t, s by £o, 1, £2, £3, £4, say, and 1 by 0’, to 
obtain 


Yro 5x1 W Tı = 0’ & YVr2 (3x3 (xo ° T3 = zı) + (£2 =0'V T2 = zı))) You will see later that this 
w5 expression for Euclid’s Theorem, 
& Sera (zo + 24 = 21)) using basic symbols, needs to be 
adjusted slightly to turn it into a 
Example 1.1 correct formula of our formal 


language. 
Every number is either even or odd. at 


Firstly we note that ‘xo is even’ is the same as ‘zo is a multiple of 2’. As 2 
can be represented in our language by 0”, this can be written in terms of 
the basic symbols as 


Ar; zo = (0” - x1) 


Similarly ‘xo is odd’ is the same as ‘zo is of the form 2x + 1’ and, 
representing 1 by 0’, this can be represented in terms of basic symbols by 


al a9. ((0” : zı) + 0’) 
Thus ‘every number is either even or odd’ can be written as 
Yzo (axı To = (0” $ zı) V Ary, To = ((0” < zı) + 0’)) (1.2) 


which is just a string of basic symbols. 4 


One thing to note about (1.2) in Example 1.1 is that it isn’t the only 
possible formulation. For example, we could have written 


Yro (Say zo = (0” - 21) V Izz xo = ((0” - x2) + 0')) (1.3) There is further discussion of the 


z A : 3 use of variables in Unit 5. 
and you may indeed find this formulation clearer — the use of different 


variables xı and x2 either side of the V connective makes the expression 
easier to interpret. 


Example 1.1 also illustrates the importance of brackets — what we have 
described in Definition 1.1 as punctuation symbols. Without brackets we 
wouldn’t know whether the string 


o” ei +0! 


was meant to stand for (2 x x,) +1 or 2 x (xı +1). Given that we want it 
to stand for the first of these, we need to insert at least one pair of brackets 
to make it read as 


(0” x xı) a 0’ 


But, in case we might later want to incorporate this in a more complicated 
expression, we give it an outer pair of brackets to obtain 


((0” - a1) + 0°) 


Similarly we have used pairs of brackets to help us work out how the 
statements ‘ag is even’ and ‘zo is odd’ are to be joined up and that the ‘for 
all ao’ covers both, rather than one, of them. For instance, by placing 
brackets differently we can obtain 


(Varo Say xo = (0” - x1) V Ja, zo = ((0” - x1) + 0’)) 
which could be read as ‘every number is even or zo is odd’. 


The message is that brackets are going to be very important! 


Example 1.2 
Every number has a square root. 


Your first reaction might be ‘But this is false!’ as we are dealing just with 
the natural numbers. However, the truth or falsity of these statements is not 
our present concern. For the moment we just wish to show that this informal 
statement can be expressed by a string of basic symbols. Indeed, if we are to 
tackle Leibniz’s Question, we shall need to be able to express statements of 
number theory without knowing whether they are true or false. 


We do not need to introduce a square root symbol in order to express ‘ag 
has a square root’ because this can be rewritten as ‘zo is the square of some 
number’ and hence may be written as Ja, 2? = xo, and x? may be written in 
terms of basic symbols as (xı - x1). Thus we may write ‘zp has a square 
root’ as 4x, (xı - z1) = £o. Hence the informal statement ‘every number has 
a square root’ can be written as 


Yro dx (zı zı) = To 


using only basic symbols. + 


Problem 1.1 


Formulate the statement ‘the square of every even number is even’ using 
basic symbols. 


1.2 Terms 


As was mentioned in the Introduction, our formal language is made up of 
strings of the basic symbols called formulas. The strings of basic symbols 
which we ended up with in Examples 1.1 and 1.2 are examples of formulas. 
The most simple formulas are strings which consist of equations between 
numerical expressions (such as zo = ((0” - x1) + 0’) in Example 1.1 and 

(£1 < x1) = zo in Example 1.2). More complicated formulas are built up from 
these equations using the connectives and the quantifiers. So, to begin the 
process of specifying rules for creating formulas, we must specify exactly 
which strings can occur on either side of an identity symbol to form an 


equation. We call strings of this sort terms, and they form the The rules for creating formulas 
subject-matter of this subsection. from terms are discussed in 
Section 2. 


Roughly speaking, terms are built up from the constant 0 and variables, 
using the symbols’ + - in an appropriate way. We can see how to turn this 
rough description into a precise specification if we think, for example, about 
how we could justify the claim that the string of basic symbols 


((0” - z1) + 0°) 


is a term. In full detail the argument would go as follows. 


1) O is a term (constant) 


(1) 

(2) 0’ is a term (’ applied to (1)) 

(3) 0” is a term (’ applied to (2)) 

(4) xı is a term (variable) 

(5) (0” - x1) is a term (- applied to (3) and (4)) 

(6) ((0” - x1) +0’) is a term (+ applied to (5) and (2)) 


It can be seen that this argument consists of a finite sequence of terms 
culminating in the string in which we are interested, together with a 
justification of why each string in the sequence is a term. In each case the 
justification is one of three types: 


(a) the given string is either the constant 0 or a variable; 
(b) the given string has been obtained from an earlier string using ’; 


(c) the given string has been obtained from a pair of earlier strings using + 
or +, with outer brackets ( and ) added. 


There is no real need to add these justifications as it is straightforward to 
check just by looking at the sequence of strings whether each line is justified 
in one or other of these ways. So the above argument could be replaced by 
the following sequence: 


0, 0’, (ie Ti, (0” - 71), ((0” - 2) +0’). 


Note that in a sequence of strings of this type, which complies with 
conditions (a), (b) and (c), the order is important, but usually more than 
one ordering is possible. For example in the above sequence it is important 
that 0 occurs before 0’ and that 0’ occurs before 0”. Also, both 0” and x, 
must occur before (0” - x1). However, the position of xı as the fourth string 
in the sequence is not crucial. It could occur in any of the first four positions. 


As it stands, we have not eliminated the possibility of including redundant 
strings in a sequence of the above type. Thus, for example, the sequence 


0, o’, 0”, 1, T3, ei 65 T4, (13 + z4), (0” - x), ((0” - x1) +0’) 


also satisfies conditions (a), (b) and (c) and thus justifies the claim that the 
final string is a term. It can be seen that the strings £3, £3, £Y, £4, 

(x3 + x4) have been inserted into the earlier sequence, and that these 
strings are redundant as they do not occur anywhere in the final string. To 
avoid this sort of redundancy, we shall add the requirement that each string 
in a sequence of this kind is a substring of the final string, where we say that 
the string s is a substring of the string t if s is made up of consecutive 
symbols from t. Thus, for example, the substrings of the string (0 + 0’) 
include (, (0, 0+ 0’, 0’ and + 0’). 


We can now give a precise specification of which strings are terms. 


Definition 1.2 Term 


A string T of basic symbols is a term if and only if there is a finite 
sequence of strings T1, T2, ...,Tm Of basic symbols such that, for i < m, 
each 7; is a substring of 7, the string Tm is 7, and for 1 <i < m one of 
the following holds: 


(a) 7; is the constant 0 or a variable; 


(b) for some j < i, Ti is 74; 


(c) for some j,k < i, Ti is (Tj + Tk) Or (Tj + Tk). 
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Note that an application of + or - 
is always accompanied by the 
inclusion of a pair of outer 
brackets. 


There are some sorts of 
redundancy which we won’t try to 
avoid. You will encounter an 
example in Problem 1.2. 


Tis the Greek letter ‘tau’. 


Observe that we need a pair of 
outer brackets for each occurrence 
of either + or - in a term. 


Example 1.3 
((to + £2) + (£2 + 0')) 


is a term. This follows from the fact that the sequence 
0, Xo, T2, 0’, (xo < 2), (x2 S 0’), ((xo J x2) Js (x2 A 0’)) 


complies with the conditions of Definition 1.2. + 


Note that every string in the sequence in Example 1.3 is a term. Indeed if 
the sequence of strings T1, T2, ...,Tm Satisfies the conditions of Definition 1.2, 
then for each i < m so also does the sequence 71, T2,...,Ti, so that every 
string in the sequence 71, 72,...Tm is a term. The sequence shows us how 
the final term is built up from earlier terms in the sequence. 


Example 1.4 


(a) The sequence 
ZO, 0’, (290’) 


does not comply with the requirements of Definition 1.2. Indeed, the 
string (290’) is not a term — any term involving the terms £o and 0’ as 
substrings would also have to involve + or - to join them together. 


(b) The sequence 
0, T2, T3, (0 - x2), x3 + (0 - x2) 


does not comply with the requirements of Definition 1.2. The string 
x3 + (0 - x2) is not a term as it has insufficient brackets. Each + or - 
appearing in a term requires a corresponding pair of outer brackets. ¢ 


Example 1.5 

Neither of the sequences 

(a) 0, 0’, (0 + 22), £1, £2, (x1 - (0’ + z2)) 
(b) 0, 0’, z1, (x1 +0’), (a, + (x1 + 0’)) 


complies with the requirements of Definition 1.2, but in each case the final 
string is a term. We can modify each sequence so that it does meet the 
requirements of the definition and thus shows that the final string is a term. 
In (a) all that is necessary is to move the string x2 so that it precedes the 
string (0’ + x2). In (b) we need to insert the strings x2, v4 in this order 
anywhere in the sequence before the final string. +$ 


Problem 1.2 


(a) Which of the following sequences complies with the requirements of 
Definition 1.2? 


(i) 0, 0, (0+0), x2, (£2 - (0 + 0')) 
(ii) Ti, T2, (a1 + o>. (x2 ce (x1 = 0”)) 
(iii) 0, 0’, x1, (x1 -0’), (a -0')!, 21, ((a1 -0')’ + 2) 


(b) In which of the above cases is the final string a term? Justify your 
answer. 


Definition 1.2 gives us a precise characterization of which strings are terms, 
but it is not yet evident that it provides us with an algorithm for 
determining whether a given string is a term. If a string is a term, how do 
we find the sequence which the definition requires to justify that it is a 
term? For a short string this may not be too difficult, but for a very long 
string we need a systematic method. Furthermore, how do we show that a 
string is not a term? We have seen from Example 1.5-that the fact that a 
sequence of strings does not comply with the definition does not prove that 
the final string is not a term. Again, when a string is short, as in 


Correct use of brackets plays a very 
important part in the formation of 
terms. 
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Example 1.4, it may be immediately evident that it fails to be a term, but 
we seek a method which will work for all strings however long. We now turn 
our attention to this issue. 


We begin with an observation which is of theoretical interest but which does 
not lead to a very practical method for determining which strings are terms. 
When we have a sequence 71, 72,...,7m Of strings which complies with 
Definition 1.2, and which hence shows that the final string, Tm, is a term, all 
the earlier strings are substrings of the final string. This means that the 
number of strings which can occur in such a sequence is strictly limited and 
we can systematically list all the possibilities. Again, a given set of these 
substrings can be arranged in order in only a finite number of ways. So we 
can systematically list all possible arrangements of the subsets of the set of 
substrings of a string 7 and test each of them to see whether it complies with 
Definition 1.2. If we find one which does, we can deduce that 7 is a term. If 
none of them meets the requirements of the definition, then 7 is not a term. 


Although this gives us a theoretical algorithm for determining which strings 
are terms, it is not of much practical use because, for all but very short 
strings, the number of different sequences made up of substrings of the given 
string (not allowing repetitions) is very large. 


Fortunately, there is a more practical algorithm, which we now explain. 


First note that a string consisting of more than one symbol can only be a 
term if it contains at least one occurrence of one of +, - and ’. If such a 
string ends with a’, then we remove it and apply our algorithm to the 
shorter string. Note that a string of the form 7’ is a term if and only if the 
string 7 is a term. If a string with more than one symbol is to be a term and 
doesn’t end with a’, it has to be of the form (71 + 72) or (7 + 72), so it has 
to start with a left-hand bracket ‘(’ and end with a right-hand bracket ‘)’. 


What we do next is illustrated by showing how it works with the string 
(((v} - £2) + 0”) - (x1 + (0” - x2))) 


It follows from clause (c) of Definition 1.2 that, in a term, the number of 
left-hand brackets equals the number of right-hand brackets. We can check 
this for a given string in the following way. Starting at the left-hand end of 
the string with the number 0, we add 1 for each left-hand bracket and 
subtract 1 for each right-hand bracket. In this way we associate a number 
with each bracket. For the string above this gives 


(((24 +27) +0”)- (z1 +(0"- 22))) 
123 a 210 


The fact that the final bracket in the string is associated with the number 0 
tells us that the string contains equal numbers of left-hand and right-hand 
brackets. 


This bracket-counting procedure is useful in another way, as we shall see 
below. In the discussion, the only symbols we need consider are the 
arithmetical symbols + - and the brackets ( ). It will help us to have a 
collective name for these symbols, so we shall call them a-symbols. 


We see that, in the example above, there are three brackets which are 
associated with the number 1. In just one of these cases, the next a-symbol 
after the bracket is an arithmetical symbol, whereas in the other two cases it 
is another bracket. This arithmetical symbol, associated with exactly one of 
the brackets numbered 1, will be called the principal symbol of this string. 
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There is no standard name for 
what we have called an a-symbol. 


It can be proved that a term not 
ending in a’ and containing one or 
more occurrences of the 
arithmetical symbols + - always 
contains just one principal symbol. 


The whole string has the form (7; - T2) with the principal symbol between 
the strings 7, and T2: 


(| (a4 + #9) +0") | + | (wi + (0" + 22) |) 


It follows from Definition 1.2 that if the strings 7, and T2 are both terms, 
then so also is the string (7 - 72). It is also true for a string of the form 

(Tı * T2) that if either of 7, and 72 fails to be a term, then the whole string is 
not a term. So, using this analysis, we have reduced the question as to 
whether the original string is a term to the questions as to whether the 
shorter strings 7; and T2 are terms. We can answer these questions by 
carrying out the same analysis with the strings 7; and 79. 


The bracket counts for these strings are as follows 


n (ah af) +0") ma (z1 + (0 +22) 
12 1 0 1 2 10 


It can be seen that in both cases the string doesn’t end with a’, starts and 
ends with the correct sorts of bracket, and has the arithmetical symbol + as 
its principal symbol. We use this to split up both 7 and 72, just as we did 
with the original string. 


In this process the strings we are analysing become shorter and shorter, and 
so the process must halt with strings which cannot be analysed any further. 
If all the strings we end up with in this way are either variables or the 
constant 0, then the original string is a term; if not, then it is not a term. 


Fortunately this process of analysis usually takes up less space to carry out 
than to describe. So we now illustrate it with several examples, beginning 
with the string we have used above. The analysis of this string is set out in 


the following diagram. Note that, although the 
bracket-counting procedure is used 


Pa n" n" to create the diagram, we would 
(er i z2) +O ere £2))) normally omit the numbers used in 


A that procedure from the diagram. 


((a4 + wy) + 0”) (xı + (0" - x2)) 


Each branch of this diagram ends with a term which is either a variable or 
the constant 0. Circles have been put around these terms. Since each branch 
ends with a variable or the constant 0, we can deduce that the string at the 
top is a term. Every string which is a term can be analysed in this way. 
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If we read the diagram upwards, we see how the term at the top is built up 
from variables and the constant 0 using the arithmetical symbols + - ’. We 
can turn the diagram into a finite sequence of terms, as required by 
Definition 1.2, very easily. The required sequence must include all the terms 
which occur in the diagram. We must ensure that each term in the sequence 
is preceded by the term or terms immediately below it. Terms that occur 
more than once in the diagram (for example, 0, 0’, 0”, zı and x2) do not 
need to be repeated in the sequence, provided that the condition of the 
previous sentence is satisfied. Here is one example of a sequence derived 
from the diagram which meets this last condition and also satisfies the 
conditions of Definition 1.2: 


0, 21, t2, 0, O”, xi, 2b, 2g, (25-29), 07 - x2), (x, > 24) +0"), 


(z1 + (0” - x2)), (((£1 + £3) + 0”) - (x1 + (0” - x2))) 


Example 1.6 
We analyse the string 


(((@o + 0’)! - x9) + (x3 + 0"))' 


Since this string ends with the symbol ’, the first step in the analysis is to 
consider the string obtained by removing this final symbol. This latter 
string begins and ends with the correct sorts of bracket. The bracket count 
then reveals that the principal symbol of the remaining string is the second - 
(counting, as usual, from left to right). Then the analysis proceeds as shown 
in the following diagram. 


(((ao + 0°)” - £3) + (£3 + 0"))’ 


(((o + 0°)’ - x5) + (73 + 0”)) 


ce s, 


((ao + 0’)! - z3) (x3 + 0’) 


Each branch of this diagram ends with a term which is either a variable or 
the constant 0. We therefore deduce that the original string is a term. + 


Problem 1.3 


Give a finite sequence of terms which complies with the requirements of 
Definition 1.2 and which shows that the string of Example 1.6 is a term. 
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Example 1.7 
Consider the string 
+0(20)- 


It should be immediately evident that this string is not a term. This is 
confirmed by our analytical method: it consists of more than one symbol, it 
doesn’t end in a’ and it doesn’t start with a left-hand bracket ‘(’, so it is 
not a term. + 


Example 1.8 
Consider the string 

((z3 + (z1 - 0°))) - z2) 
The bracket count 


((%3+(21-0")))-2 ) 
2 3 S| 


immediately reveals that the number of left-hand brackets is not equal to 
the number of right-hand brackets. Hence this string is not a term. & 


Example 1.9 

Consider the string 
(0” -xı +0”) 

The bracket count 


(0” -£1 fe 0”) 
1 0 


reveals that the symbol - is the principal symbol. We then have the 
following analysis: 


(0” “21 + 0”) 


a 


o” Tı + o~ 


0’ zı + o” 


| | 
(0) zı +0! 


| 


zr, +0 


The left-hand branch of the diagram ends with the constant 0. The 
right-hand branch begins with the string x; + 0’”. As this string ends with 
a’, we remove this and analyse the string xı + 0”. As this string ends with 
two ’s, we repeat this process twice more to obtain the string xı + 0. As 


this consists of more than one symbol, doesn’t end with a’ and has no outer 


brackets, it is not a term. Hence the original string (0” - x; + 0”) is not a 
term. 
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We now list explicitly the rules that we use in carrying out an analysis of a 
string to see if it is a term. 


1 If the string is of the form 7’, we write under it the string 7. 


2 If the first symbol is a left-hand bracket, the last symbol is a right-hand 
bracket and the string includes at least one of the arithmetical symbols 
+ -, then we perform a bracket count. If this shows that there are equal 
numbers of left-hand and right-hand brackets, and there is just one 
bracket which is associated with the number 1 and is such that the next 
a-symbol following this bracket is + or -, then this a-symbol is the 
principal symbol of the string. In this case the string has the form 
(a +7) or (0-7), where + or - is the principal symbol, and we write the 
pair of strings g, T below it. 


The bracket count may reveal in one of two ways that the string we are 
considering is not a term. 


(a) It may show that there are unequal numbers of left-hand and 
right-hand brackets. 


(b) It may show that there is no principal symbol, either because there 
is no bracket associated with the number 1 such that the next 
a-symbol is + or -, or because there is more than one such bracket. 


In either of these cases we describe the string as a terminal string and 
our analysis can terminate. The string we are considering is not a term, 
and it follows that the initial string is not a term. 


3 If neither of Rules 1 and 2 applies, we describe the string as a terminal 
string. 


All branches of the analysis must end with terminal strings. It can be shown 
that the original string is a term if and only if each of the terminal strings 
has the form 0 or v, where v is a variable. 


You have seen several examples of the use of Rule 2. For example, in 
Example 1.6, we applied it to the string 

((zo + 0’)’ - x4) 
The bracket count for this string is 


((20 + 0’)’ - x5) 
12 ee 


This shows that there are equal numbers of left-hand and right-hand 
brackets, and that - is the principal symbol. Thus the string is of the form 
(a - T) where ø is the string (xo + 0’)’ and 7 is the string x4, and our 
analysis proceeds by analysing the two strings ø and 7r. Example 1.8 
provides an example of case (a) of Rule 2. 


Problem 1.4 


Analyse each of the following strings of basic symbols, and hence decide 
which are terms and which are not. 


(a) (((O+ 21) +21)” + (x2 + 0")) 
B) (((O+ 21) + 2) + 21 + £2) 
(ae a (x9 + gl 

d) (((a1 - 0’) - Vaz) + (z3 - 0)) 


It should be reasonably clear from the discussion and examples in this 
subsection that our method for analysing strings provides an algorithm for 
determining whether a string is a term. 
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You will find an example of 
case (b) of Rule 2 in the additional 
exercises for this section. 


This is made more precise in 
Subsection 2.2. 


Although all the discussion in this subsection has been devoted to the 
definition of terms, the approach we have used has a much wider 
application, as we shall see in the next section where we discuss the 
definition of formulas in our formal language. 


2 FORMULAS 


In this section we shall complete our description of the formal language by 
explaining how to construct formal statements, or formulas, involving the 
terms discussed in the previous section. We shall also discuss an algorithm 
for distinguishing between those combinations of symbols which represent 
formulas and those which do not — this algorithm is very similar to the one 
for terms described in Section 1. The section ends with a discussion of how 
to represent our formulas by Gödel numbers. 


2.1 Formation rules for formulas 


We are now in a position to make precise our formal equivalent of a 
mathematical statement, which we shall call a formula of our formal 
language. This usage differs from the everyday mathematical use of the 
word, where ‘formula’ usually means an expression such as \/x? + y? which 
takes a numerical value when numerical values are assigned to its variables. 
For us a formula is a formal counterpart of a mathematical statement. Here 
are two examples taken from Subsection 1.1. 


(a) dx, to = (0” - 21) 
(b) Vao (Ari zo = (0” - 21) V Ax, zo = ((0” - x1) + 0’)) 


Interpreting these formulas as referring to the natural numbers, 

(a) expresses ‘xo is even’ and (b) expresses ‘every number is either even or 
odd’. With this interpretation, formula (b) is definitely true, whereas the 
truth of (a) depends on the value assigned to the variable xo. For the 
moment, this difference is not important since our current concern is not 
with the meanings of these strings but with the formal rules which specify 
how they are formed. 


Looking at the examples above we see that at their heart are equations, 
xo = (0” - xı) in (a) and (b), and also xq = ((0” - 21) +0’) in (b). The 
entire strings are built up from these equations between terms using the 
connectives and the quantifiers. We call these basic building blocks atomic 
formulas. 


Definition 2.1 Atomic formula 


A string is an atomic formula if and only if it has the form 
Ti = T2 


where 7; and 7» are terms. 


In other words, the atomic formulas are obtained by taking two terms (which 
could be identical) and placing the identity symbol, =, between them. 


See Example 1.1. 


Example 2.1 
(a) The following are all atomic formulas: 
(i) zo = 0 


( 
(iii) ((£1 + £2) + (£1 + £3)) = (z1 = (£2 + z3)) 
( 


This follows because each string contains just one occurrence of the 
symbol = and the strings to the left and the right of this symbol, namely zo, 
0, z3, ((£1 < £2) + (a1 - £3)), (£1 - (£2 + £3)), £5, z1, are all terms. 
(b) The following are not atomic formulas: 
(i) O=0-0 
(ii) Az, =0' 
(iii) ((a1 + @1) + (z2 - £2) 
(iv) (xı = 0” Vil 0’) 


In cases (i) and (ii) the string contains just one occurrence of =, but in (i) 
the string to the right of it, namely 0 - 0, is not a term (as it lacks a pair of 
outer brackets), and in (ii) the string on the left, namely Sa; £1, is not a 
term. String (iii) is not an atomic formula because it does not contain an 
occurrence of =, and string (iv) is not an atomic formula as it contains more 
than one occurrence of this symbol. + 


It should be fairly clear that there is an algorithm for determining whether 
or not a given string is an atomic formula. First check that the given string 
has exactly one occurrence of the symbol =. If it doesn’t, then the string is 
not an atomic formula. If it does, analyse the strings on either side of the 
symbol = to see if they are both terms. If they are both terms, then the 
original string is an atomic formula; if at least one is not a term, then the 
original string is not an atomic formula. 


Problem 2.1 

Which of the following are atomic formulas? 
(a) (z1 + z2) = (£1 + 2) 

(b) (ag + (w17 + 0”))' = (0 + 0) 

(c) (a1 +22) = (ao +21) = Zo 
( 
( 


Now we describe the set of all formulas of our formal language. The idea is 
that we allow as formulas exactly those strings of basic symbols which ‘make 
mathematical sense’ when we read V as ‘for all’, 3 as ‘there exists’, & as 
‘and’, V as ‘or’, ~ as ‘not’, — as ‘implies’, + as ‘if and only if’? and = as 
‘equals’. However, as we have pointed out before, we must be precise enough 
so that there is an algorithm for determining whether or not a given string is 
a formula, so the above informal idea will not do as a definition. Instead, we 
give a definition, of the same character as our definition of terms, which is 
based on the idea that we build up formulas from atomic formulas using the 
connectives and quantifiers. 
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Definition 2.2 Formula 


A string ¢ of basic symbols is a formula if and only if there is a finite 
sequence of strings ¢,,5,...@,, of basic symbols such that, for i < m, 
each ¢; is a substring of ¢, the string ¢,, is ¢ and for 1 < i < m one of 
the following holds: 


(a) ¢; is an atomic formula; 

(b) for some j < i, 9; is 7¢,; 

(c) for some j,k < i, ġ; is ($j & p) or ($; V $p) or ($; + $p) or 
(0; aaa Êk); 


(d) for some j < i and some variable v, ¢; is Vu ġ; or Ww ġ;. 


For example, the sequence 
zo = (0” - x1), xo = ((0” - x1) +0”), 
dx) zo = ((0” - z1) + 0°), 
(axı zo = (0” - x1) V Jr zo = ((0” - z1) + 0')), 
Yro (Ar, wo = (0” s £1) V da zo = ((0” = Tı) + 0’)) 


dz; zo = (0” - z1), 


satisfies the conditions specified by Definition 2.2. It follows that the final 
string in the list is a formula. 


Because our definition of formulas has the same structure as the earlier 
definition of terms, we can analyse strings of basic symbols to determine 
whether they are formulas in exactly the same way as we did for terms. 
Before specifying explicitly how we carry out this analysis, we give an 
example. 


Example 2.2 
Vx (Are (z2 . x2) = T1 > 74243 Tı = (07 ° z3) — 0”)) 


(Ax (x2 à z2) = T1 > 723 zı = ei = x3) + 0”)) 


any 


Ax (£2 * £2) = £1 23 xı = ((0”" - 73) + 0”) 


| 


(x2 è z2) = T1 


Jrz Tı = iw $ z3) ae 0”) 


Tı = (Ou A x3) + 0”) 


Note that the strings in boxes do not contain any connectives or quantifiers. 
Each of these two boxed strings contains just one occurrence of the identity 


symbol =, and it can be checked using the methods of the previous section 


that each has the form Tı = T2 where 71, To are terms. So both of the boxed 
strings are atomic formulas. The analysis shows how the string at the top is 


built up from these atomic formulas using connectives and quantifiers. 
Hence the analysis shows that the initial string is a formula. 


¢ is the Greek letter ‘phi’. 


As with the definition of terms, we 
have added the restriction that 
every string in the sequence is a 
substring of the final string ¢ in 
order to avoid at least some 
redundancy. 


Just as for the symbols +, - 
appearing in a term, each 
appearance of one of & V, >,+ in 
a formula requires a corresponding 
pair of outer brackets. 


Each of these strings is also a 
formula. For a general formula ¢, 
it can be shown that each of the 
strings ¢; in a list showing that ¢ 
is a formula is also a formula. 
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We now list explicitly the rules that we use in carrying out this analysis. As 
with terms, we should expect brackets to play a vital role. The step that we 
carry out at each point of the analysis depends on the first symbol in the 
string we are currently considering. 


1 Ifthe first symbol is the negation symbol then we write, under the given 
string, the string which results from it by deleting this negation symbol. 
That is, under a string of the form ~g we write the string ¢. 


2 If the first symbol is a quantifier followed by a variable then we write, 
under the given string, the string which results from it by deleting the 
quantifier and the variable. That is, under a string of the form Vu ¢ or 
dv ¢, where v is a variable, we write the string ¢. 


3 If the first symbol is a left-hand bracket, the last symbol is a right-hand 
bracket and the string includes at least one of the connectives & V = 
++, then we use the same bracket-counting method as we used with 
terms. The only difference is that now the a-symbols are the brackets 
and the connectives & V — «. If this bracket count shows that there 
are equal numbers of left-hand and right-hand brackets, and there is just 
one bracket which is associated with the number 1 and is such that the 
next a-symbol following this bracket is one of the connectives & V > #, 
then this connective is called the principal connective of the string. In 
this case the string has the form (@ * Y), where » is the principal 
connective, and we write the pair of strings ¢, w below it. 


The bracket count may reveal in one of two ways that the string we are 
considering is not a formula. 


(a) It may show that there are unequal numbers of left-hand and 
right-hand brackets. 


(b) It may show that there is no principal connective, either because 
there is no bracket associated with the number 1 such that the next 
a-symbol is one of the connectives & V — +, or because there is 
more than one such bracket. 


In either of these cases we describe the string as a terminal string and 
our analysis can terminate. The string we are considering is not a 
formula, and it follows that the initial string is not a formula. 


4 If none of Rules 1 to 3 applies, we describe the string as a terminal 
string and we analyse it to determine whether it is an atomic formula. 


All branches of the analysis must end with terminal strings. It can be shown 
that the original string is a formula if and only if each of these terminal 
strings is an atomic formula. 


Since Rule 3 is rather complicated, we give some examples of its use. In 
Example 2.2 we applied it to the string 


(3x2 (£2 ê z2) = T1 > 7373 Tı = (07 $ z3) + 07y) 
The bracket count for this string is as follows: 


(Are (@2+%2)= T1 — 74732) =((0"" -x23)+0”)) 
1 2 1 23 Z 10 


This shows that there are equal numbers of left-hand and right-hand 
brackets, and that — is the principal connective. Thus this string has the 
form (¢ — w) where ¢ is the string Jr (£2 - £2) = zı and Y is the string 
adr3 zı = ((0”” - £3) + 0”), and hence our analysis proceeded by analysing 
the two strings ¢ and w. 
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The rules are very similar to those 
for terms. 


w is the Greek letter ‘psi’. 


The boxed strings in Example 2.2 
are terminal strings of this type. 
(We shall not normally place 
terminal strings in boxes in future.) 


Rule 3 here is very similar to 
Rule 2 in the case of terms. 


Example 2.3 
(a) (azi (zı =( £2 * £2 )—> 773 T1 A 
1 2 3 2 10 


The bracket count shows that there is no bracket associated with the 
number 1 such that the next a-symbol is a connective. Hence this string 
is not a formula. 
(b) (Axo 3x1 v2 =( zo + 21)! Axo T2 =(r9 + 0”) V aq =0) 
1 Z 1 2 1 0 


There are two brackets associated with the number 1 such that the next 
a-symbol is a connective. Hence this string does not have a principal 
connective and so is not a formula. 4 


Problem 2.2 


In each of the following cases determine whether the given string has a 
principal connective. 


(a) (£o = 0’ V (zo = (0' - £1) > zo = (21 + x1))) 

(b) (Sai (x1 + x1) = z0) & zo = ((21 - 0”) + 0')) 

(c) (((ao + to) + z1) = (£2 + 20) V (z0 + £0) = z1 > —Ixə2 (x2 - £1) = x0) 
(d) (azo ((x1 = (£0 + £2)) > z1 = (x2 * x2))) 


Problem 2.3 


Analyse each of the following strings and hence decide which of them are 
formulas. 


(a) Vary (Are (x1 + £1) = (£2 + £2) > Arg x1 = (z3 + x3)) 
(b) Varo Sari (z1 + £1) = Xo 

(c) (at = (to + 0”) V tr = 0) Vx; = 0’) 

(d) (to =OVa2z, =O& 22 =0) 

(e) (Say ((@1 - z1) = To & zo = ((zı - 0”) + 0’)) 


Problem 2.4 


In Subsection 1.1 we obtained the following expression for Euclid’s Theorem 
in terms of basic symbols: 


Yro da, Wa w= 0’ & Vr2 (3x3 (x2 °%3 = zı) = (xe = 0’ Vv T2 = zı))) & Jz, (xo + T4 = zı)) 


Adjust this expression so that it is a formula of our formal language. 


For technical reasons that will become apparent later, we now introduce the 
idea of a subformula. 


Definition 2.3 Subformula 


The formulas that occur in the analysis of a given formula ¢ are called Notice that the analysis of a 

the subformulas of ¢. formula ¢ begins with ¢ itself, and 
so ¢ is counted as one of its own 
subformulas. This conforms with 
the usual mathematical usage of 
the prefix ‘sub’, as, for example, in 
the terminology ‘subset’ and 
‘subgroup’. 


21 


Example 2.4 
Let us find the subformulas of the formula 
(G r= Ov Jri zo = (zı — zı)) =a Yzr23£0 (xı + zo) = z2) 


We begin with the analysis of this string which shows that it is a formula. 
The bracket count shows that — is the principal connective, and the full 
analysis is as follows: 


(“z1 = OV 3x1 zo = (21 + 21)) > V2 Izo (£1 + T0) = 22) 


ee eee 


(Aa = 0 V Ax, zo = (x1 + 21)) Varq Axo (21 +20) = £2 
= 2; = 0 da) zo = (z1 + 21) Axo (x1 + Xo) = £2 
i — 0 zo = (z1 + 21) (x1 + T0) = 22 


We see from this analysis that the string is indeed a formula as all the 
terminal strings are atomic formulas. The subformulas of the initial formula 
are the formulas which occur in this analysis, that is, they are as follows: 


Li 0 

To = (411 + 21) 

(1 + £0) = 22 

124-0 

Jzı zo = (z1 + 21) 

Axo (£1 + Lo) = x2 

(na = OV Ax, zo = (z1 + 21)) 


Vag Ax (z1 + £0) = T2 


(GEZI =0 V 3v to = (zı +zı)) — Vireo Azo (zı + xo) =g) $ 
Pobem-2p = ek ae e E Ak ee Sa aal ae iat 
List the subformulas of the following formulas. 
(a) Wo 73x (41 + 21) = Xo (a) is the formula of 
(b) (Exo t= (xo i 0”) Vay= 0) Va= 0’) Problem 2.3(b) and (b) is the 


formula of Problem 2.3(c). 
(c) zı = ((z2 - z3) + 0) 


2.2 Gödel numbers 


Leibniz’s Question, you will recall, asks whether there is an algorithm for 

deciding which statements of number theory are true. We are now in a 

position to say that by a ‘statement’ we mean a statement that can be 

expressed by a formula of our formal language. And we have seen that there 

are algorithms for determining whether or not a string of symbols is a term 

or a formula, which is a first step towards our goal of determining whether We shall complete our investigation 


there is an algorithm for deciding the truth of statements. of whether there is such an 
algorithm in Unit 8. 
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In Units 1 to 3, we related algorithms to URM-computable functions, which 
map natural numbers, or ordered k-tuples of natural numbers, to natural 
numbers. To make another step towards our goal, we need to see how our 
algorithms which apply to strings of symbols can be related to 
URM-computable functions. We do this by showing how strings of symbols 
can be coded by natural numbers, and hence how formulas can be coded in 


this way. 
Our method for assigning numbers, which are called Gödel numbers, to This use of coding originated in 
formulas is based on the same principle as our method for coding URM Gédel’s work and is named after 


him. The coding of URM programs 


programs. A formula is a finite string of basic symbols, just as a URM eaea tattle 


program is a finite sequence of URM instructions. So we assign Gödel 
numbers to formulas by first assigning numbers to the basic symbols and 
then coding finite strings of these symbols. For definiteness we have to 
describe a particular way to do this. It should be evident, however, that the 
particular details are not that important. The key properties that we need 
our coding to satisfy are: 


(a) different strings of symbols get assigned different Gödel numbers; 


(b) given a natural number, there is an algorithm for deciding whether it 
codes a string of basic symbols and which string it codes; 


(c) given a string of symbols, there is an effective method for working out 
its Gödel number. 


We now describe the particular Gödel numbering that we have chosen to use. 
We begin by specifying which numbers are assigned to the basic symbols: 
Symbol ( & VS SO PON ete ee 
1 3 4 25) 6 


Gödel number T. 8-9 JO" hie 12) 137 14 yar d5 


Note that each positive integer codes a basic symbol, and that, in particular, 
integers > 15 code variables. We use the notation ((c) to indicate the 
number which codes the symbol ø. For example 3(V) = 8 and ((#27) = 42. 


Corresponding to each string 0102...a0% of basic symbols we have the Notice that we use exactly the 


sequence (01), 3(a2),..., (0%) of Gödel numbers. We then assign to the same poe power Eora: aA 
string the Gödel number mapping the sequence of numbers 
5 B(o1), B(o2),..., Cok) to a single 
porn) ppe» va por) number as we did in Unit 2 when 
: ? : we were coding URM programs. 
where as usual p1, p2,..., pk are the first k prime numbers. If ¢ is a string of 


basic symbols, we use the notation 7(¢) to indicate its Gödel number. 


For example, if ¢ is the string Vxo zo = zo then we obtain the sequence 
8,15, 15, 14,15 of Gödel numbers for the basic symbols which make up the 
string. Hence the Gödel number of this string is 


283155157141115, 


This is a very large number which contains 48 digits when written out in 
decimal notation. Written in that way it would be hard for us to see 
immediately that it was the Gödel number of the string ¢. But, in principle, 
it is straightforward, given a positive integer, to work out its prime 
decomposition and hence which string, if any, it represents. 


The string Vzo £o = xo whose Gödel number we have calculated is a formula. 
But Gédel numbers are defined for all strings of basic symbols, whether or 
not they are formulas. For example, the string Y = 11723 which is definitely 
not a formula has the Gödel number 


28314516771118, 
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Problem 2.6 


Find the Gödel numbers (expressed in terms of their prime decompositions) 
of the following formulas. 


(a) z3 = ((x2 - 0”) + zo) 
(b) Vo (af = 0’ + ap = 0) 


Problem 2.7 


Determine whether each of the following is the Gödel number of a string of 
basic symbols and, if so, specify the relevant string. 


(a) 973195147161 42 
(b) 98315597161 1157 31147149316 
(c) 98315597164 4154 3111714798 


The existence of an algorithm for determining which strings are formulas 
can now be restated in terms of Gödel numbers by saying that there is an 
algorithm for computing whether a natural number is the Gödel number of a 
formula. Using Church’s Thesis, this means that the set of Gödel numbers of 
formulas is recursive. (In fact this set is primitive recursive, but we shall not 
show this in the course.) 


The representation of the formulas of our formal language by Gédel numbers 
will be exploited in a very subtle way. Formulas of our language are 
naturally interpreted as expressing properties of numbers; but, when 
formulas are coded by numbers, we can also interpret formulas as expressing 
properties of formulas. This sort of self-reference lies at the heart of the 
proof of Gédel’s Theorems and we explain it in detail in Unit 8. 


Notational convention 


We have specified that a variable is one of £o, £1, £2.... An infinite list of 
variables is needed because, although each formula is a finite string of 
symbols and can only include a finite number of different variables, we 
cannot impose any upper bound on what this number might be. The use of 
the numerical subscripts makes it easy for us to assign Gödel numbers to the 
variables. The disadvantage of this notation is that it makes formulas less 
easy to read than if different non-subscripted letters such as 2, y, z,t,... 
were to be used. Henceforth, to make formulas more easy to read, we shall 
fall in line with this common mathematical usage and write x,y, z,t,... for 
variables. If you like, you can regard these symbols as abbreviations for 

£o, @1,22,73,.... All that really matters is that they represent distinct 
variables. 


3 INTERPRETATIONS 


Leibniz’s Question is about deciding which statements of number theory are 
true, and so it involves the meanings of mathematical assertions. But in 
specifying the formation rules of our language we have at no stage needed to 
use the intended meaning of our symbols. We have used familiar symbols 
such as =, +, & to indicate the meaning we have in mind, but the intended 
meanings play no part in our definitions of terms and formulas. For 
example, we decide whether a given string includes a principal connective by 
our bracket-counting method, in which the intended meaning of the 
connective is irrelevant. At some point, however, we need to make a 
connection between the strings of basic symbols which count as formulas and 
the statements of number theory which they can be interpreted as 
expressing. We have reached that point now. 
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Recall that by this we mean that 
the characteristic function of the 
set is recursive. 


As we shall see in this section, the logical symbols have fixed interpretations, 
but the interpretation of the arithmetical symbols will vary according to the 
system of numbers or other objects to which we are applying our formal 
language. In addition we shall use symbol interpretation to make more 
precise what it means for one statement to be inferred from others, using the 
notion of logical consequence. This will later help us towards resolving 
Hilbert’s Question, which requires a description of what we mean by a proof. 


3.1 The interpretation of the logical connectives 


In this subsection we shall deal with the interpretation of the logical 
connectives: ~, &, V, —> and +. First we need to understand what is 
‘logical’ about them. This is best done by looking at examples from ordinary 
English. 


Consider the following three arguments. 


(1) If my horse races on soft ground then he will win. 
My horse is racing today and the ground is soft. 
Therefore my horse will win today. 


(2) She hit the ball with spin and she hit it hard. 
Therefore she hit the ball hard. 


(3) All men are mortal. 
Socrates is a man. 
Therefore Socrates is mortal. 


All three are valid arguments, but from where does this validity derive? Not 
from the actual subject-matter of the statements. No knowledge of the turf, 
tennis or Socrates is required to see that the above statements form valid 
arguments. Rather their validity derives solely from the normal meanings of 
the English ‘connecting’ words ‘if... then ...’, ‘and’, ‘all’ and so on. Thus 
the truth of the statement ‘She hit the ball with spin and she hit it hard’ 
guarantees the truth of the statement ‘she hit the ball hard’ simply because 
of the meaning of the word ‘and’ and not because of the meanings of ‘hit’, 
‘ball’, ‘spin’ or ‘hard’. Indeed, if A, B represent two statements, then, 


if the statement 
A and B 

is true, then the statement 
B 


must also be true (as also must A), no matter what the meanings of the 
statements A and B. 


This shows the context-free nature of argument (2). Similarly (1) and (3) 
are just particular cases of generally valid arguments. Argument (1) just 
uses the meaning of ‘if... then ...’ from which it follows that, 


if the statements 
if A then B 

and 
A 

are true, then the statement 
B 


must also be true, no matter what the meanings of the statements A 
and B. : 
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Similarly, argument (3) has the form 


if all Xs are Y and Z is an X 
then Z is a Y 


which is valid not because of the subject-matter, since there is none in this 
abstract version, but because of the meanings of ‘all’, ‘are’ and ‘is’. 


Logic is the study of valid forms of reasoning: that is, forms of argument 
which are valid because of their structure, irrespective of the content. As we 
have seen this validity arises from the meanings of certain key logical words 
such as ‘and’ and ‘if... then ...’. Included among the logical symbols of our 
formal language are symbols which correspond to these key words. We now 
set about describing precisely how these logical connectives are to be 
interpreted. We start with &, followed by ~, V, — and + in turn. 


In what follows, we shall use the term given interpretation to mean the There is a more formal definition of 
system of numbers (or other objects) to which our language is being applied the term interpretation in 
together with a corresponding interpretation of the arithmetic symbols. Subsection 3.2. 


& (conjunction) 


If ¢ and y% are formulas, then the string (¢ & 4%) is also a formula, and we 

call it the conjunction of ¢ and p. The interpretation of the symbol & is Also we call a formula of the form 
explained by specifying how we work out whether or not the conjunction (¢ & Y) a conjunction. 

(¢ & p) is true under a given interpretation in terms of what we know about 

the truth of ¢ and the truth of ~ under the same interpretation. 


The formula (¢ & w) is true in a given interpretation if and only if both 


the formulas ¢ and ~w are true in this interpretation. 


Thus we interpret the symbol & so that it corresponds to the use of ‘and’ in 
everyday English. 


Another way to explain the interpretation of & is by means of the following 
table. 


$ y (¢&y) 


true true true 
true false false 
false true false 
false false false 


This table specifies the truth of the formula (¢ & 4%) for all possible 
combinations of the truth and falsity of the formulas ¢ and w. We call it the 
truth table for the symbol &. We describe each of ‘true’ and ‘false’ as a truth 
value. 


The following example should make things even clearer. Suppose that ¢ is 
the formula Jx x’ = 0 and that w is the formula Jz (x - x) = 0”. The truth 
of these formulas depends on how we interpret the arithmetical symbols 0’ - 
and which system of numbers (or other objects) we have in mind. For 
example, if we interpret 0 as referring to the number 0, ’ as meaning ‘add 
one’ and - as multiplication, then ¢ is a true statement about the set Z of 
integers (as there is an integer x € Z with x + 1 = 0, namely z = —1) but it 
is a false statement about the set N of natural numbers (as —1 is not in N). 
Similarly, keeping the same interpretations of the arithmetical symbols, ~ is 
true when we interpret it as being about a number system which includes a 
square root of 2. 
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However, and this is the key point, once we know whether or not the 
formulas ¢ and 7 are true in a given interpretation, we can immediately 
work out from the truth table whether or not the conjunction (¢ & W) is 
true. At this stage the nature of the given interpretation is irrelevant: all 
that matters is whether ¢ and w turn out to be true. 


Exactly similar remarks will apply to the truth tables for the other logical 
connectives. So for the purpose of this discussion we can ignore the given 
interpretation. 


For technical reasons it is more convenient to use 1 and 0 as truth values. 
1 replaces ‘true’ and 0 replaces ‘false’, so that the truth table for conjunction 
would be written as follows. 


ọ y (¢&y) 
igs 1 
is O 
0 1 0 
00 0 


We make one further simplification which will be useful later on. We often 
abbreviate the above table in the following way. 


($ & 4) 
e a 
1 0 0 
io 1 
0 0 0 


The truth values of the constituent formulas ¢, w are written in columns 
under the formulas, and the corresponding truth value of the conjunction 
(¢ & y) is written in a column beneath the symbol &. 


~ (negation) 


If ¢ is a formula then the string 7¢ is also a formula, called the negation 
of ¢. The interpretation of the symbol ~ is given by the following truth 
table. 


o -7¢ i @ 
1 0 or in abbreviated form 0 1 
0 I y +0 


Thus we interpret the symbol ~ so that it corresponds to the use of ‘not’ in 
everyday English. However, whereas in standard English we form the 
negation of a sentence by inserting the word ‘not’ in the appropriate place 
within the sentence, in our formal language we negate a formula by prefixing 
the symbol ~ to the string which makes up the formula. For example the 
negation of 


‘x is an even number’ is ‘z is not an even number’ 
but the negation of the formula 


da, to = (0" +21) is 752, 29 = (0” - 2) 


Also we call a formula of the form 


ad a negation. 


The use of the symbol ~ derives 
from the notation Frege used for 


negation; however, our symbolism 
is, in other respects, very different 


from his. 
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V (disjunction) 


If ¢, w are formulas, then the string (¢ V w) is also a formula which is called 
the disjunction of @ and y. The truth table for V is as follows. 


o wv (y4) (@ v 4) 
yi iL 1 1 1 
1 0 1 or in abbreviated form r 10 
0 sk 1 0 1 1 
0 0 OF gos -Q 


Thus the interpretation of the symbol V corresponds to the everyday use of 
‘or’ in its inclusive sense (in which ‘A or B’ means ‘A or B or both’). 


— (implication) 


If ¢, ~ are formulas, then so also is the string (¢ — w) and we call it the 
implication with antecedent @ and consequent Y. The truth table for — is as 
follows. 


¢ y (>y) (o y) 
Tati a 1 1 1 
1 0 0 or in abbreviated form 1 0 0 
0 1 1 0 1 1 
0 O 1 0 1 0 


Note that the only case where (¢ — ~) is false is where the antecedent ¢ is 
true and the consequent W is false. This might seem rather strange, and so 
we add some remarks to justify the claim that the above truth table does 
reflect the usage of ‘if... then ...’ in mathematics (which is rather different 
from its use outside mathematics). 


Consider the following fairly typical use of an ‘if... then ...’ statement in 
mathematics. 
For all z € R, if z > 3 then 2? > 9. (3.1) 


We cannot say whether the antecedent and consequent of the implication 
if z > 3 then x? > 9 (3.2) 


are true until we know what value is assigned to the variable x. The point of 
assertion (3.1) is to say that this implication is true whatever real number 
value is assigned to x. Our truth table for the connective — must be 
consistent with this, even though when we give x a specific value we may 
obtain an implication which, although true, may seem a little unnatural. 
Thus suppose, for example, that we successively give x the values 7, 2, —5 

n (3.2). Since (3.1) is always true, the implications obtained from (3.2) in 
this way must be true. These implications are: 


(a) If 7 >3 then 49 > 9. 
(b) If 2 > 3 then 4 > 9. 
(c) If —5 > 3 then 25 > 9. 


In (a) both the antecedent and the consequent are true. Thus (a) 
corresponds to the first row of our truth table. In both (b) and (c) the 
antecedent is false. In (b) the consequent is also false and so (b) corresponds 
to the bottom row of the truth table. In (c) the consequent is true, so this 
implication corresponds to row 3 of the truth table. These last two examples 
help to explain why rows 3 and 4 of the truth table for — take the given 
form. 
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Also we call a formula of the form 
(@V w) a disjunction. 


The use of the symbol V derives 
from the Latin word ‘vel’, as the 
construction ‘vel A vel B’ is used in 
Latin for the inclusive ‘A or B’. 


Also we call a formula of the form 
(¢ — w) an implication. 


> (bi-implication) 


If ¢, y are formulas, then the string (¢  ~w) is also a formula called the Also we call a formula of the form 
bi-implication of ġ and 7. The truth table for + is as follows. (¢ = Y) a bi-implication. 

o y (ey) (P a V) 

are j: 1 1 1 

Tei 0 or in abbreviated form i QR 

gaT 0 0- Q = 

5 a 1 OSs 
The symbol +> corresponds to the use of the expression ‘if and only if’ in An alternative way of thinking 
mathematics. Notice that (p < ~) takes the value 1 exactly when ¢ andy about ‘¢ if and only y’ is as “@ 
have the same truth values. implies % and % implies ø’. You 


can check that (@ = y) and 


((¢ — Y) & (Y = @)) have the 
same truth table in Additional 


Now that we have the basic truth tables for the logical connectives, we can : ; : 
Exercise 2 for this section. 


use them to work out truth tables for more complicated formulas built up 
using the connectives. We describe the general method and then give some 
examples. 


Suppose that we have a formula @ built up from some of its subformulas 0 is the Greek letter ‘theta’. 
$1, 2,--+,;b, using only connectives. To get one row of the truth table for 6, 

we assign a truth value to each of ¢,,5,...,, and progressively work out 

the truth values of all the longer subformulas of 0 corresponding to this 

assignment of truth values using the rules given in the five truth tables for 

the logical connectives. The order in which we deal with the subformulas 

corresponds to the way in which @ is built up as a formula from ¢,, ¢5,...,- 

Finally we arrive at a truth value for 6 (which is by definition a subformula 

of itself). Then we repeat this process for all possible assignments of truth 

values to $,,9,-.-,@, to obtain the full truth table for 0. 


Example 3.1 
Consider the formula @ given by 


(A(a’ = OV Ax (z - £) = 0") = (x' = 0 & Iz (x - x) = 0")) 


If ¢ is the subformula z’ = 0 and yw is the subformula Jz (x - x) = 0” then 0 
is the formula 


(“(e V 4) > ($ & ¥)) 


We can work out its truth table as follows. 


$ y (Vy) yy) (py) Vy) > @&Y) 


s R | 1 0 1 1 
ee 0 1 0 0 1 
Oe aL 1 0 0 1 
0 o 0 1 0 0 


The headings of the columns correspond to the subformulas we obtain when 
building up the formula (=(¢ V Y) — (¢ & y)) from ¢ and w. The first two 
columns list all possible combinations of truth values that can be attained 
by ¢ and w. In the third column the corresponding truth values for (¢ V w) 
are computed according to the truth table for disjunction. In the fourth 
column we have applied the truth table for negation to the truth values in 
the third column. This gives us the corresponding truth values for the 
formula =(¢ V Y). The fifth column is computed using the truth table for 
conjunction applied to the first two columns. Finally, we work out the sixth 
column by applying the truth table for implication to columns four and five. 
This gives us the truth values of the formula (=(¢ V Y) > (¢ & #)). For 
example, the truth table tells us that when ¢ is true and 7% is false (in the 
second row of the truth table), then the entire formula is true. + 


29 


Note that, on each row of the truth table in Example 3.1, the truth value of 
the formula 0 is completely determined by the truth values given to the 
subformulas ¢ and 7, and the rules given by the five basic truth tables. This 
is guaranteed by the strict way in which bracketing was stipulated when we 
gave the definition of a formula. If we had been sloppy in this definition we 
might have allowed a string such as (¢ & w V x) to count as a formula, but 
this does not have a well-defined truth table, since it could be calculated as 
though the ‘formula’ were ((¢ & Y) V x) or as though it were (¢ & (4 V x)), 
and these two formulas have different truth tables. 


The truth table of Example 3.1 can be written in a more succinct form as 
follows. 


(7% Abie Vine Piaget (6 E Y) 
edit le) time eh oi Eo 
teh wi di eOead 1. 0 6 
0 wie hia m iome 0 Ged 
1. il nee ae 


GOU ® © 


The circled numbers indicate the order in which the columns were filled in. 
They are not part of the truth table and they could be left out. The values 


in column (4) tell us the truth value of the entire formula corresponding to 
the truth values of the subformulas ¢, ~ in the columns labelled ©. Note 


that column © is that in which the principal connective, here —, of the 
entire formula occurs. 


The truth table has 4 rows, corresponding to the 4 = 2 x 2 possible 
combinations of truth values for the two subformulas ¢ and w. For a formula 
built up from three different subformulas using just the connectives, as in 
Example 3.2 below, there are 2 x 2 x 2 = 8 possible combinations. Hence 
the truth table for such a formula has 8 rows. In general, the truth table for 
a formula built up from n different subformulas has 2” rows. 


The order in which we write the rows of a truth table does not matter. 
What matters is that all possible combinations of truth values for the 
subformulas are covered. However, to ensure that all cases are covered, it is 
best to list the combinations of truth values in a systematic way, as 
described in Example 3.2. 


Example 3.2 


We calculate the truth values of the formula 


(n & y) e x) 


for all possible combinations of truth values for its subformulas ¢, ~, x. 
Since there are three subformulas, the truth table has 8 rows. 


ob x > (ky) (CP&Y) xX) 
COL: ht 0 0 
> EAD 0 1 
tok oo 0 0 
10 0 0 0 1 
oF “a 1 1 
+ t-e-4 1 0 
ie #3 0 0 
O ee 0 1 
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You might like to check that 
((¢ & Y) V x) and (¢ & (WV x)) 
have different truth tables in 
Additional Exercise 3 for this 
section. 


We shall include these circled 
numbers in all the truth tables in 
this subsection, including our 
solutions to problems. They are 
not expected within solutions to 
assessment questions, although 
they can be of practical assistance 
when constructing truth tables for 
complicated formulas. 


The abbreviated form of this truth table is as follows: 


(7 ¢@ & 4 & x) 
oe ee 
aa: Se eee i 
Gotri OTO | 
De a TR a Sia 
T A SE 1 1 
Sn: oe ho Se ae 
oe, oe a er ian 
TONG O ae 
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Our systematic method for listing all the different combinations of truth 
values is seen more clearly in the full table. It can be described in two 
different ways. In the column for ¢ we have entered the values 1, 0 in blocks 
of 4, in the ~ column they are in blocks of 2, and in the x column there is 
alternately a 1 followed by a 0. Another way to look at it is to view the 
three truth values as representing a number written in binary notation, so 
that in the successive rows of the table the numbers corresponding to the 
truth values for ¢, p, x are 7,6,5,4, 3,2, 1,0. & 


Problem 3.1 
Work out the truth tables for the following formulas. 


(a) ((6& Y) & x) 


We now turn to an important question: given a formula of our formal 
language, how do we decide which subformulas to use in its truth table 
analysis? Fortunately, the method which we described in Subsection 2.1 for 
analysing a string of basic symbols to determine whether it is a formula also 
answers this question. We carry out the process described in Subsection 2.1 
except that, whenever we reach a string which begins with a quantifier, we 
do not analyse that string any further. If the original string is a formula, 
then the strings obtained in this way, which must either be atomic formulas 
or begin with a quantifier, will be the required subformulas. In this way, the 
subformulas used to construct a truth table are such that the original 
formula can be built up from them using only logical connectives. 
Furthermore, the subformulas themselves either begin with a quantifier or 
are atomic formulas. 


on 


Example 3.3 


We consider the formula of Example 3.1. The full analysis which shows that 
it is a formula is as follows. 


(A(a! = OV Sr (z - 2) = 0") > (2! = 0 & Ja (x - x) = 0")) 


A(x! = 0 V Ia (2 - £) = 0") (x! = 0 & Is (z - £) = 0”) 
(z = OV 2 - 2) =0") a! = eee - x) = 0” 
aa SE 


The terminal strings are all atomic formulas and so the original string is a 
formula. For the truth table analysis we stop analysing a branch when we 
find a string beginning with a quantifier but otherwise continue until we get 
to an atomic formula. We stop at the four underlined strings. Two of these 
begin with quantifiers: both are the subformula Jz (x - x) = 0”. The other 
two are atomic formulas: both are the subformula x’ = 0. These are the 
subformulas which were used in the truth table of Example 3.1. + 


Problem 3.2 


Analyse each of the following formulas to find the subformulas to be used in 
their truth tables. Draw up the truth table for each formula. 


(a) (YzIyy' =z > dyy’ = 0) 
(b) (Ez (£ +y) = 0 > y = 0') & (Ax (£ +y) = 0 V Yzy =2z)) > (y=O' V Yzy =2)) 


aaa aaas 


As can be seen from the solutions to Problems 3.1 and 3.2, there are some 
formulas which receive the truth value 1 whatever truth values are assigned 
to the subformulas from which they are built up. Here is another example. 


(@ = Ce a a Se ee ae I 
i ote 2 Pere eee aes 
Loa a 8 1 °° >) =e oy See 
i 8 0 2° 2 Pee gee Teh eee 
io con wra on A Os SP a ee 
0 al bo Seo Se o ee aes EO 
cS Ee a 8 or Se oN 
es Te ta hae a Se ee EM oa es ee: ae 
i a a er A ee ee oe ee a ee ee 
®Q®@A@O@OOOOOOOOOD 


The property of always receiving the truth value 1 is of great significance in 
our future work. Formulas with this property will be true however we 
interpret the arithmetical symbols which occur in them. They are called 
tautologies. The precise definition is as follows. 
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Definition 3.1 Tautology 


Suppose that @ is a formula which is built up from subformulas 

$1, 9,---,0, using only the logical connectives and that 0 takes the 
truth value 1 no matter what truth values are given to the 
subformulas. Then ð is called a tautology. 


Problem 3.3 
Use a truth table analysis to show that the formula 


(Vax = y > (~73z (z +0") = y > (az (z + 0”) = y > z =0'))) 


is a tautology. 


We end this subsection with rather a subtle point. When we construct a 
truth table for a formula, we tacitly assume that all the possible 
combinations of truth values for its subformulas can actually occur. 
However, since these subformulas have their own internal structure, this may 
not always be the case. We explain this point with reference to the formulas 
of Example 3.1 and Problem 3.2(a). 


In the case of the formula of Example 3.1, the subformulas which we used in 
the truth table were x’ = 0 and Jz (x - £x) = 0”. Suppose we interpret the 
arithmetical symbols 0, ’, - as referring to the number 0, the operation ‘add 
one’ and the operation of multiplication, respectively. Then x’ = 0 is true 
whenever x is interpreted by the number —1. And the subformula 

da (x - x) = 0” is true whenever it is interpreted as referring to a number 
system which includes — v2 or +v2. So either subformula can be true or 
false independently of the other subformula. Hence each row of the truth 
table corresponds to a combination of truth values that can occur. 


The position is different for the formula of Problem 3.2(a). The subformulas 
which we use for its truth table are Yz 3y y’ = x and Jyy’ = 0. Notice, 
however, that Jy y’ = 0 is true whenever Vx Sy y’ = z is true, no matter 
what interpretation is given to the arithmetical symbols. Therefore the row 
of the truth table in which Yz dy y’ = z is assigned the truth value 1 and 

dy y’ = 0 is assigned the truth value 0 can never occur. 


Despite this, a truth table for a formula should include all combinations of 
truth values, even if some cannot occur for this particular formula. This is 
because truth tables are intended to provide the truth value of a formula 
purely on the basis of how its subformulas are combined using logical 
connectives; they do not take into account the internal structure of the 
subformulas. In this way, the same truth table can be used for a variety of 
different formulas provided they are all constructed from subformulas in the 
same way using logical connectives. 


In fact, truth tables and tautologies form part of the mathematical topic of 
logic called propositional logic, which considers formulas of the kind 

(p — (q V 7r)) where p, q, r are regarded as symbols which can be true or 
false, but which have no internal structure. In this course, because of our 
focus on Gédel’s Theorems, we have chosen not to single out propositional 
logic as a subject of study by itself. 
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3.2 Interpretation of the quantifiers and the 
arithmetical symbols 


Our stated intention in Subsection 1.1 was to devise a formal language 
adequate for number theory. With this in mind we included among the basic 
symbols of our language the arithmetical symbols 0’ + - with the intention 
that they would be interpreted as referring to the number 0, the successor 
operation (‘add one’), addition and multiplication, respectively. In this 
subsection we shall be more specific about what the interpretation of these 
symbols entails and about the truth or falsity of formulas under such 
interpretations. 


We have already noted that, even when we have fixed the interpretation of 
the arithmetical symbols, whether a given formula is interpreted as being 
true will depend on the underlying set of numbers. For example Vx Jy io 
is only true in a number system in which each number is the successor of 
some number. So it is true when interpreted as being about the integers 

Z = {...,—3, —2, —1,0, 1,2,3, ...}, but false when interpreted as being 
about the natural numbers N = {0,1,2,...} since in this set 0 is not the 
successor of any number. 


We see from this that the first ingredient of an interpretation has to be a 
domain of discourse, that is a set of objects to which the formulas, or, to be 
more precise, to which the quantifiers in our formulas refer. Although our 
intention is that our language is to be interpreted as being about numbers, 
we shall allow for other possibilities, and hence all we stipulate about the 
domain of an interpretation is that it should be a non-empty set. If the 
domain of a given interpretation is the set U, then the universal quantifier Vr 
is interpreted as expressing ‘for all x in U’ and the existential quantifier 3x 
as ‘for at least one x in U’ or ‘there is an x in U’ or ‘there exists an x in U’. 


We also need to specify that the identity symbol = should be interpreted as 
representing equality between elements of the domain and that the variables 
£o, £1, £2, . . . represent unknown elements of the domain. Furthermore, the 
symbols ( and ) should be interpreted solely as punctuation marks. 


Although our intention was that the arithmetical symbols 0 ’ + - should be 
interpreted as explained above, there is no necessity that they should be. 
Indeed, if the domain U does not include the number 0 then in that domain 
we cannot interpret the symbol 0 as referring to that number. Instead we 
would need to interpret it as referring to some element of the domain. In 
general, the symbol 0 needs to be interpreted as some specific element of the 
domain, but we are free to choose which this element should be. 


In a similar way, although it was our intention that the symbol ’ should be 
interpreted as referring to the successor operation, that is to the function 
n — n + 1, all that is necessary is that ’ should be interpreted as some 
unary operation on the elements of the domain, that is as some function 
U — U. Likewise the symbols + and - each need to be interpreted as 
referring to binary operations on the elements of the domain, that is as 
functions U x U — U. 


In summary, we have the following definition. 


Definition 3.2 Interpretation 


An interpretation of the formal language consists of a non-empty set 
U, called the domain of the interpretation, along with the following: 


e a specific element of U to interpret the symbol 0; 
e a specific function U — U to interpret the symbol ’; 


e specific functions U x U — U to interpret the symbols + and -. 


34 


Thus there are lots of possible interpretations of our formal language, but 
the intended one is especially important, and we single it out in the 
following definition. 


Definition 3.3 Standard interpretation 


The standard interpretation, denoted by./, of the formal language has 
as its domain the set N of natural numbers. The symbol 0 is 
interpreted as the number 0, the symbol ’ is interpreted as the 
successor operation (‘add one’) and the symbols + and - are 
interpreted as the operations of addition and multiplication of natural 
numbers, respectively. 


It is easily seen that in the standard interpretation the following formulas 
are all true: 

VaVy(a-y)=(y-x) Ar(a@-x)=0"" -Fre2’=0 
and the following are all false: 

Vadyy’=a2 Jar(e-r)=0" Vardy(ex+y)=0 


Our formal language was devised with the standard interpretation in mind. 
Leibniz’s Question about the existence of an algorithm for deciding which 
statements of number theory are true can now be reformulated in a more 
precise way as: 


Is there an algorithm for deciding which formulas of our formal language 
are true under the standard interpretation ~? 


When we add to this our characterization of algorithms in terms of recursive 
functions, and our method for assigning Gödel numbers to formulas, this 
becomes the following precise mathematical question: 


Is the set of Gödel numbers of those formulas which are true in the 
standard interpretation ./ a recursive set? 


We shall eventually answer this question in Unit 8. 


Problem 3.4 


Determine which of the following formulas are true and which are false 
under the standard interpretation / 


(a) (0” + 0”) = 0” 
(b) (0” - 0”) = or" 

(c) arVy(e@+y)=y 
( 
( 


d) Vesy((y-y)+y)=2 
e) Va (Aya = ((0" - y) +0’) > 3y (z - x) = ((0” - y) +0’)) 


Any interpretation of the formal language which is not the standard 
interpretation is called a non-standard interpretation. From the point of 
view of Leibniz’s Question, there may not seem to be much relevance in 
studying non-standard interpretations. However, we are interested in the 
distinction between logical truths, that is, formulas whose truth derives 
solely from their logical structure, and those formulas which express truths 
of number theory, that is, are true in the standard interpretation but are not 
logical truths. Non-standard interpretations help us to make this distinction. 


As we have already noted, we can obtain non-standard interpretations 
simply by changing the domain to a different set of numbers. For example, 
we have non-standard interpretations in which the domain is the set Z of 
integers, or the set R of real numbers, but in which the arithmetical symbols 
are interpreted in the standard way for these domains. There are also 
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non-standard interpretations in which these symbols receive non-standard 
interpretations, and we now describe some of these. 


Example 3.4 


We take as the domain the set M of all 2 x 2 matrices whose entries are 
natural numbers. 


We interpret the symbol 0 as the matrix > >i 


The interpretation of the symbol ’ is the function M —> M given by 


a 8) (ert % 
Cu ad. c d+1/)° 


The symbols + and - are interpreted as the standard operations of addition 
and multiplication of matrices. For example, with this interpretation the 
formula Va Vy (a - y) = (y+ x) is interpreted as saying that matrix 
multiplication in M is commutative, and hence is false. % 


Example 3.4 illustrates that we can have non-standard interpretations where 
the domains are not standard sets of numbers. The next two examples are 
also of this kind. They will be of great importance later in the course. 


Example 3.5 


We take as domain the set We shall denote this interpretation 
by #™. 
N* = NU {w}, a 


where N is the set of natural numbers and w is an element not in N. We 
don’t need to know exactly what the element w is; all we need to specify is 
which functions on N* serve as the interpretations of ’ + - and which 
element of N* serves as the interpretation of 0. 


We interpret O as the number 0. The interpretations of ” + - are the 
functions given by the following tables. 


The values of a + b and a- b for 

a, b € N* are found by looking at 
the entries in the appropriate a-row 
and b-column of these tables. 
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Example 3.6 
We take as the domain of this interpretation the set 
N** = NU {a, 8}, 


where a, 8 are distinct elements not in N. The symbol 0 is interpreted as 
the number 0, and the functions which are the interpretations of the symbols 
‘+ + are given by the following tables. 


+ 


Now we consider some formulas that are true in the standard interpretation 
and ask if they are true in the non-standard interpretations of Examples 3.4 
3.5 and 3.6. 


? 


Example 3.7 

Consider the following formulas. 

(a) VaVy (x+y) = (y+2) 

(b) Va (72 =0— r= y’) 

These are certainly true in the standard interpretation ./ since, in this 
interpretation, the first formula says that addition of natural numbers is 


commutative and the second that every natural number other than 0 is the 
successor of a natural number. 


We shall denote this interpretation 
by v**. 


The values of a +b and a - b for 
a,b € N** are found by looking at 
the entries in the appropriate a-row 
and b-column of these tables. 


37 


In the interpretation of Example 3.4, the first of these formulas is again true, 
since, in this interpretation, it says that addition of matrices in M is 
commutative. However, the second formula is not true in this interpretation. 


For example the matrix T a in M is different from the matrix 


z 4 which is the interpretation of 0, but it cannot be obtained from 


me? : ; a b a+1 b 
any other matrix in M using the function an ( 3 re J as 


there do not exist natural numbers a, b, c, d such that 


Gaels R Ne ag E 
otiak S ENO mOey 


It can be seen from the addition table of the interpretation ./™ of 

Example 3.5 that the first formula is again true, as the addition operation is 
commutative. The second formula is also true because, in this 
interpretation, every non-zero natural number is the successor of a natural 


number and w = w. 


When it comes to the interpretation ./** of Example 3.6, it can be seen 
from the addition table that a + 8 = a whereas 3+ a = 8. Since a F 8, it 
follows that the addition operation is not commutative, and hence the first 
formula is false in this interpretation. However, the second formula is again 
true, as every natural number other than 0 is the successor of a natural 
number, a = a’ and 3 = $. 4 


Problem 3.5 


For each of the following formulas, which are true in the standard 
interpretation, decide whether or not it is true in each of the interpretations 
of Examples 3.4, 3.5 and 3.6. 


There is one aspect of interpretations which we have ignored up to now but 
which we need to mention. Consider the question of the truth or falsity of 
the following formulas in the standard interpretation ⁄: 


Ja(aex)=0"" Vydr(xz-n)=y Ax(x-x)=y 


The first of these formulas is true, as the equation n x n = 4 has a solution 
n € N. The second formula is false, as not every natural number is the 
square of a natural number. But what about the third formula? The 
problem is that it contains a variable, namely y, which is not associated with 
any quantifier. Hence whether or not the formula is true depends on which 
element of the domain, that is, which natural number, this variable is 
interpreted as referring to. The formula is true in ./ if and only if the value 
assigned to y is a natural number which is a perfect square. Of course, this 
is a familiar situation in mathematics. For example, the equation 

x? + 6 = 5z is true if and only if x takes one of the values 2 or 3, and the 
formula cos nz = 1 is true if and only if n is an even integer. 


We shall need to be precise about how we determine which variables in a 
formula, if any, are not associated with quantifiers. We discuss this in detail 
in Unit 5. Meanwhile we need to keep in mind that when we talk about the 
truth of a formula under a given interpretation this has to involve assigning 
values to any variables not associated with quantifiers. 
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3.3 Logical consequences 


In this subsection we shall make more precise the idea of when one 
statement can be inferred from others, which will be a major topic of 
investigation in the remaining units. Of course we are only interested in 
inferences which would commonly be accepted as valid. Logically valid 
inferences are those which do not depend on any special interpretation of the 
arithmetical symbols, but whose validity derives solely from the meanings 
given to the logical symbols. The logician Gottlob Frege described the use of 
logic as ‘a way that, disregarding the particular characteristics of objects, 
depends solely on those laws on which all knowledge rests’. The laws to 
which Frege refers are those that tell us which deductions are logically valid. 
A deduction is logically valid if the truth of the premises of the deduction 
guarantees the truth of the conclusion. We make this precise, in terms of the 
concept of interpretations of our formal language, as follows. 


Definition 3.4 Logical consequence 


The formula 4% is a logical consequence of the formulas 1, b2,---, by if 
Y is true in every interpretation in which ¢,,¢5,...,, are true. 


Thus a deduction given by a formula ~, based on premises given by formulas 
$1; 2,- - -k is logically valid if Y is a logical consequence of ¢,,¢5,... Pr: 


If a variable not associated with a quantifier occurs in any of the formulas 
$1, 02,---,@, and Y then, as was noted at the end of the previous 
subsection, we need to assign to it a value taken from the domain of the 
interpretation. If the variable occurs more than once in this way, then each 
such occurrence must be assigned the same value. Since the definition of 
logical consequence involves a reference to ‘every interpretation’, in applying 
the definition in such cases we need to consider all possible ways of assigning 
values to such variables. 


As a very simple example of logical consequence, it is immediate from the 
definition that each formula ¢; is a logical consequence of $1, $2, ---, Dx. 


Problem 3.6 


Suppose that ~ is a logical consequence of ¢ and that @ is a logical 
consequence of ~. Show that 0 is a logical consequence of ¢. 
A a ee ee ee ee 


In general, the formula w will be a logical consequence of the formulas 

$1, 2,---,, because of the meanings that we give to the logical symbols. 
In some cases only the meanings of the connectives are involved. Because of 
the importance of such cases when we come to discuss formal proofs, we use 
special terminology for them. 


Definition 3.5 Tautological consequence 


The formula 4 is a tautological consequence of the formulas 
$1, 09,°°+, g if the formula 


(C ((b1 & 2) & $3) ++ & pr) > Y) 


is a tautology. 


We can also define a logically valid 
formula as one that is true under 
all interpretations. Thus any 
tautology is a logically valid 
formula. However, there are 
formulas, such as Vz x = z, which 
are logically valid but are not 
tautologies. 


For k = 1, the formula in this 

definition is (¢, — 7); for k = 2, it 
is ((¢, & 2) > Y), for k = 3, it is 
(((o, & do) & $3) — Y); and so on. 
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Example 3.8 


Let $, be the formula (Sz (x + y) = 0 — y = 0’), let dy be the formula 
(Sa (x +y) = 0 V Yzy = 2), and let be the formula (y = 0'V Yzy = 2). It 
can be seen from Solution 3.2(b) that the formula ((¢, & ¢2) > Y) isa 
tautology, so that ~ is a tautological consequence of the formulas ¢,,¢2. ¢ 


In the next unit we introduce a rule of proof which enables us to infer 4% 
from the formulas ¢,,¢,..-,¢, When ~ is a tautological consequence of 
$1,¢5,---,0,- We wish to know that this is a logically valid deduction. The 
following theorem supplies that justification. 


Theorem 3.1 


If the formula 4 is a tautological consequence of the formulas 
$1, 09,-++; x, then Y is a logical consequence of these formulas. 


Proof 
Suppose that ~ is a tautological consequence of the formulas ¢, $2, ..., Ok- 
This means that the formula 

(C(e (Chr & $2) & $3) ++» & dy) > Y) (3.3) 


is a tautology. 


Now suppose that we have an interpretation in which all the formulas 

$1, 0,---;, are true. From the truth table for conjunction, we see that the 
formulas $,, ($1 & $2), (1 & $2) & 3),---5 (C - (21 & bo) & 3) +++ & dy) 
are all true in this interpretation. Since the formula (3.3) is a tautology, it is 
also true in this interpretation. Hence from the truth table for implication 
we can deduce that w is also true in this interpretation. (Otherwise, one row 
of the truth table would be 


((((o1 & $2) & 3): & Oe) > ¥ 
1 00 


contradicting the statement that (3.3) is a tautology.) 
Thus we have shown that w is true in every interpretation in which 


$1; ¢,---, 0, are true. Hence 7 is a logical consequence of $1, $2,- .-, p- M 


Problem 3.7 


Show that if ¢, Y are formulas then % is a logical consequence of the 
formulas ¢, (¢ > 4%). 


Logical consequence is a much broader concept than tautological 
consequence, although the latter will be very useful to us. For instance, the 
formula 


(0’ +0) = 0’ 
is a logical consequence of the formula 
Va (x +0) =z. 


This is because, in any interpretation in which Vx (x + 0) = z is true, the 
formula (x + 0) = x will be true for any value, in the domain of the 
interpretation, given to x. In particular, it is true for whatever value the 
interpretation gives to the term 0’. However, (0’ + 0) = 0’ is not a 
tautological consequence of Va (a + 0) = x, as 


(Va (a + 0) = x — (0’ +0) = 0’) 


is not a tautology. 
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Problem 3.8 


Show that y’ = z is a logical consequence of x = y’. 
a a ee ee 


In the next unit we shall look at formal proofs involving the formulas of our 
language. Logical consequence will provide us with a yardstick of whether a 
proof is logically valid, in that we shall consider there to be a formal proof of 
w from assumptions $1, ¢2,...,¢, exactly when 4 is a logical consequence of 


P1,Po,+++s Pp: 


SUMMARY 


The unit began by introducing a formal language for number theory. This 
consists of a set of basic symbols together with rules which specify which 
finite strings of basic symbols form the terms and formulas of the language. 


The language was designed to enable us to express statements of number 
theory. The basic symbols and the rules were chosen with this in mind. 
However, the rules are purely syntactical in character, making no reference to 
the intended meanings of the formulas. This enabled us to show that there 
is an algorithm for deciding which strings of basic symbols are formulas. 


We also showed how we can assign numbers, called Gédel numbers, to 
strings of symbols in such a way that the algorithm mentioned in the 
previous paragraph can be related to the notion of a recursive function. 


We next described the interpretation of our formal language. The 
interpretation of the connectives is given by their truth tables and we showed 
how these may be used to calculate the truth tables of formulas. Formulas 
that are assigned the truth value ‘true’, which we represent by the number 1, 
in every row of their truth tables are called tautologies. 


To give an interpretation of a formula we need to specify a domain for the 
interpretation and how the arithmetical symbols are to be interpreted with 
respect to that domain. If we take the domain to be the set of natural 
numbers and we interpret the arithmetical symbols in the natural way, then 
we obtain what we called the standard interpretation N. We drew attention 
to the fact that there are plenty of alternative, non-standard interpretations. 


We need the idea of a non-standard interpretation so that we can distinguish 
between logically valid formulas and those which may be true under the 
standard interpretation yet false in other interpretations. We defined logical 
consequence in terms of the truth of formulas in arbitrary interpretations. 
Finally we considered one particular case, called tautological consequence, 
which arises when the validity of an inference depends only on the 
interpretation of the connectives. 
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OBJECTIVES 


We list those topics on which we may set assessment questions to test your 
understanding of this unit. 
After working through the unit you should be able to: 


(a) recall the definitions of the basic symbols, a term, an atomic formula and 
a formula of our formal language; 


(b) determine whether a given string of basic symbols is a term, an atomic 
formula or a formula of our formal language; 


(c) find all the subformulas of a given formula; 


(d) determine the Gédel number of a string of basic symbols (in prime 
power form), and determine whether a natural number given in prime 
power form is the Gédel number of a string of basic symbols; 


(e) write out the truth table of a formula and determine whether a given 
formula is a tautology; 


(f) in simple cases, given a formula and an interpretation, determine 
whether the formula is true in the given interpretation; 


(g) determine whether a given formula is a tautological consequence of a 
given set of formulas. 


ADDITIONAL EXERCISES 


Most of these exercises provide further practice, should you feel you need it, 
in handling the main ideas in the unit on which you are likely to be assessed. 


Section 1 


1 Decide which of the following strings of basic symbols are terms. 
(a) zo - (zo - (0’ + 0)) 
(b) ((xo - 0’) + (ao - 0)) 
(c) (a3 = (a1 + z2) - 0”)) 


Section 2 


1 For each of the following strings of symbols, decide whether or not the 
string is an atomic formula. 


(a) Tı +0= (0 + 21) 
(b) (ao - x1) = ((£0 + £1) + z0) 
(c) Vato (ao + 24) = (£o + 21)! 


2 For each of the following strings of symbols, decide whether or not the 
string is a formula. If it is not a formula, explain why. 


(a) (Vx Tto = 0’ V £o = 0’) 
(b) Ware ((ao + £1) = £2 > Axe (xp > £1) = (To + £1 + 21)) 
(c) day Vixr9 (Xo $ (xo + (zı + 0’))) 
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3 List the subformulas of the formula 
(Var4 (xo = zı V To = 0) & Are £o = z2) 
Find the Gödel number of each of these subformulas. 

4 For each of the following numbers, decide whether or not it is the Gödel 
number of a formula. 

(a) 28315597161 1151314171 1916931299163 123716 412 
(b) 213155147161 1513151711 19149316991132 
(c) 913155147164 1547114914 

Section 3 

1 Show that each of the following formulas is a tautology. 

(a) ((-Vz(z = (y + z) & y = 0) > Jx z = 2) V (~Ir x = z V Yz (z = (y +x) & y = 0))) 
(b) (((£ =y V ane =y) > Ve(e = y V Irs = y)) > (Wa (£ = y V Ixe = y) +72 = y) 

2 Determine the truth table for the formula ((¢ —> Y) & (Y — ¢)) and 
show that it matches the truth table for (¢ = 4%). 

3 (a) Work out the truth tables for the formulas 

(@&¥)Vx) and (¢& (PV x)). 
(b) Is the formula 
(P@&Y) V x) > (6& (WV x))) 
a tautology? Explain your answer. 

4 Show that there is an interpretation of the formal language for which 
the domain is a set with one element. 

5 For each of the following formulas, which are true in the standard 
interpretation, decide whether or not it is true in each of the 
interpretations of Examples 3.4, 3.5 and 3.6. 

(a) VaVy (z - y) = (y - 2) 
(b) Yz Yy (z - y’) = ((£ - y) +2) 
(c) Va(O+2)=2 
6 Consider the following two non-standard interpretations of the formal 


language. 


(1) The domain is the set Z of integers, with + interpreted as the usual 
addition of integers, - interpreted as the usual subtraction of 
integers, ‘ interpreted as the function Z — Z given by n > —n 
and the symbol 0 interpreted as the integer 3. 

(2) The domain is the set R of real numbers, with + and - interpreted 
as the usual addition and multiplication of real numbers, ’ 
interpreted as the function R —> R given by r +> r? and the 
symbol 0 interpreted as the real number —1. 


For each of the following formulas and each of these interpretations, 
decide whether or not the formula is true in the interpretation. 

(a) VaVyVz((c + y) - z) = (£ + (y - z)) 

(b) Yz Yy Yz ((x +y) +z) =((£-z)+ (y -z)) 

(c) YzYy3z (x +2z')=y 

(d) Yz Jy (y' = x V (0 - y') = x) 
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7 Show that the formula 
Ver ON sara—@) 
is a tautological consequence of the formulas 


—Wxx=0 and ~(3zr(x = 0 > Ver = 0) > Jrz = 0) 


SOLUTIONS TO THE PROBLEMS 


Solution 1.1 
The statement ‘zo is even’ can be written as Jr; zo = (0” - x1). Thus the 
statement ‘the square of every even number is even’ can be written as 


Yro (Ax, wo = (0” x Hi) => da, (Xo = Xo) = (0” s zı)) 


Alternative formulations are possible. For example, one alternative 
formulation, which you may find clearer, is 


Yro (azı To = (0” cx z1) => Are (xo $ zo) = (0” é X2)) 


Solution 1.2 
(a) (i) The sequence meets the requirements of the definition. 


(ii) The sequence does not meet the requirements of the definition. 
The term (x; + 0”) which occurs third in the sequence is not of 
the form (7; + Tj) where 7;,7; are earlier terms in the sequence. 


(iii) The sequence meets the requirements of the definition. (Note that 
the second appearance of the term x, in the sequence is redundant, 
although it could be argued that it makes the final production of 
the term ((xı - 0’)’ + x1) easier to follow. So Definition 1.2 hasn’t 
completely avoided redundancy.) 


(b) In each case the final string is a term. In cases (i) and (iii) this follows 
immediately from the fact that the sequences comply with the 
requirements of Definition 1.2. In case (ii), although the given sequence 
does not comply with this definition, the alternative sequence 


T1, T2, 0, 0’, a (x1 a= 0”), (x2 a (x1 +0”)) 
does comply with the definition, and this shows that (x2 - (xı + 0”)) is 


a term. 


Solution 1.3 


One solution is the sequence 
0, To, T2, T3, 0’, (xo T 0’), (xo T D; ta, 0”, ((xo te TAA + AN 
(z3 +0”), (((£o + 0')’ = £3) - (z3 + 0”)), (((z0 + 0°)” - £3) + (z3 + 0"))’. 


44 


Solution 1.4 


(a) The diagram is as follows. 


(((0 - £1) + £1)” + (x2 + 0")) 


= 


((O = a) +21)” (£2 + 0”) 


© ® 


Hence the original string is a term. 
(b) The diagram is as follows. 


(((0 + 21) + z2) + z1 + £2) 


a a 


((0 + 21) + z2) T1 + T2 


a 


(0+ 21) (2) 
va 
© © 


The string xı - 22 doesn’t end with a’ and doesn’t have a pair of outer 
brackets, and so is a terminal string; but it is not of the form 0 or v, 
where v is a variable. Hence the original string is not a term. 


Solutions to the Problems 
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Solutions to the Problems 


(c) The diagram is as follows. 


(xg (£9 + 0’”’))’ 


(ze - (v9 + 0"")) 


An 


ze (ag + 0”) 


/ 


Hence the original string is a term. 


(d) The diagram is as follows. 


(a1 - 0") - Yz2) (xg - 0) 
(zı aà 0’) Yra xy (0) 


The string Vaz doesn’t end with a’ and doesn’t have a pair of outer 
brackets, and so is a terminal string; but it is not of the form 0 or v, 
where v is a variable. Hence the original string is not a term. (Of 


course, this analysis is not really necessary since no term can include the 
symbol V.) 


Solution 2.1 


a) As (a; +22)’ and (x; + 24) are both terms, this is an atomic formula. 


b) Similarly, this is an atomic formula. 


( 
( 
(c) This involves more than one = sign, so is not an atomic formula. 
(d) A blank space is not a term, so this is not an atomic formula. 

( 


e) Neither zp - 0 nor 0 - zo is a term, as outer brackets are missing, so this 
is not an atomic formula. 
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Solutions to the Problems 


Solution 2.2 
(a) The bracket count is as follows. 
(zo =O N 2o =(0' -z1)— 29 Sa -2))) 
1 2 3 2 3 210 
From this we see that the first bracket is associated with the number 1 
and the first a-symbol following it is a connective, namely V. There is no 


other bracket with this property. So this string has a principal 
connective, namely V. 


(b) The bracket count is as follows. 


(Ax, ( (a1 - £1 )= T0 )& 29 SET -0”)+0’)) 
1 23 2 il Zo 2 10 


For similar reasons we see that this string has a principal connective, 
namely &. 
(c) The bracket count is as follows. 


(((to +20) +24 )=(22+20)V 
123 ie 1 


(£o < £o) = 21 > Axe (x2 - £1 )= T0) 
2 1 2 1 0 


Here there are two brackets associated with the number 1 such that the 
first a-symbol following them is a connective. Hence this string does not 
have a principal connective. (It follows that it is not a formula.) 


(d) The bracket count is as follows. 
(Seo ( (x1 =(20 + 2) )— £1 =(z2 + z2))) 
1 23 4 32 3 210 


This string does not have a bracket associated with the number 1 such 
that the next a-symbol following it is a connective. So this string does 
not have a principal connective. (Again, it follows that it is not a 
formula.) 


Solution 2.3 


(a) As ever, a bracket count helps to identify the principal connective. The 
diagram is as follows. 


YVrı (Sao (xı . zı) = (x2 + x2) —> Jrz tı = (x3 — z3)) 


(3x2 (£1 - £1) = (£2 + z2) > Jrz x1 = (£3 + z3)) 


e 


dare (z1 + z1) = (£2 + 22) dx3 xı = (£3 + z3) 


(z1 + z1) = (£2 + £2) £1 = (£3 + z3) 


The terminal strings are atomic formulas, so the original string is a 
formula. 


47 


Solutions to the Problems 
(b) The diagram is as follows. 


Yro 7471 (zı = zı) = To 


~Jr (z1 $ zı) = To 


da, (zı s zı) = Xo 


(zı > zı) = To 


The terminal string is an atomic formula, so the original string is a 
formula. 


(c) The diagram is as follows. 


((3xo zı = (xo + 0”) Vt = 0) V T1 = 0’) 


akanan 


(Azo z1 = (xo + 0”) V zı = 0) 2; = 0' 


an 


Jro Tı = (zo + 0”) Tı = 0 


tı = (xo + 0”) 


The terminal strings are atomic formulas, so the original string is a 
formula. 


(d) The diagram is as follows. 


(to =OV 2, =0& z = 0) 


ee 


rp =0 m1 =0&22=0 


The string on the right is a terminal string but is not an atomic formula, 
so the original string is not a formula. 


(e) A bracket count shows that this string does not have equal numbers of 
left-hand and right-hand brackets. Hence it is not a formula. 


Solution 2.4 
We simply need to use a slightly different system of bracketing: 


Va aay ((~ z1 = 0' & Yz (Sag (22 + £3) = 21 —> (£2 = O' V T2 = 21))) & Sarg (Zo + 24) = zı) 
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Solutions to the Problems 
Solution 2.5 
(a) From the analysis in Solution 2.3(b), we see that the subformulas are: 
(z1 +21) = 20 
Az (z1 - 21) = £o 
7d, (z1 + £1) = 29 
Vag7da1 (41 + £1) = 29 
(b) From the analysis in Solution 2.3(c), we see that the subformulas are: 
zı = (zo + 0”) 
C7 —0 
zı = 0! 
Jro zı = (zo + 0”) 
(Aro zı = (zo + 0”) V zı = 0) 
((Ax9 71 = (£o + 0”) V zı = 0) V zı = 0’) 
(c) The formula is atomic, so is its only subformula. 
Solution 2.6 
(a) 21831451711117131317101 91193119923] 1237154 2 
(b) 28345517151 1111314] 7103 91193699153] 143710 442 
Solution 2.7 


(a) This is the Gödel number of the string ~= z4 = z1). 


(b) This is not the Gédel number of a string as it is divisible by 23 but not 
by the smaller prime 19. 


(c) This is the Gödel number of the string Yxo 3x1 ve 


Solution 3.1 


(a) 
(@ & 4) & x) 
t 2 E E E 
Eo a OO 
i tote a 
i ¢ a Sy. @ 
a ee A ee 
a So ee 0 
t. he a! 
O Ge tee vee ey 
00000 

(b) 
eo. Se 
ae Or tie eee 
ED Oh te Soe 
a fo a ee 
2. oe 
00000 

(c) 


S 
®&j-==]t 
Olļ--|s 
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Solutions to the Problems 


(a) 


E M NV A 
ae See E a mee 
oe oo Ce co 
Ge 42°92," 2 Dios 
oo a ee ho ae 
o 2 hia “ee 
ce 2) BoE ae % 
Y 2» oO. © ane 
ae ae ee ee ee | 


O OO GW 


Solution 3.2 
(a) As we know we are dealing with a formula, we shall only give as much of 


the analysis as is needed to establish which subformulas to use in the 
truth table. 


(Va dy y’ = x > Jyy' = 0) 


a 


Ve sya =g Aya =0 


We have underlined the subformulas to be used in the table. Here they 
are Yx Jy y' = x and Jyy’ = 0. If we denote these by ¢ and 4% 
respectively, the entire formula is (p — w) and its truth table is the 
standard truth table for implication, namely 


(¢@ — 4) 
ee ee 
ey ae 
aan. 02 
oe ae 


(b) The analysis is as follows. 


(Gz (£ +y) = 0 > y =0') & Ar (z + y) = 0 V Yzy = 2)) > (y = 0 V Yzy = 2)) 


EA 


((Gx (x +y) = 0 > y = 0’) & (Iz (x + y) = 0 V Yzy = z)) (y =0' VVzy =z) 
(ax (2 + y) =0- y=0') (ar (z + y) =OVVzy =z) y=0' Vzy=2 
da(e+y)=0 y=0' da(e+y)=0 Vzy=z 


We see from this analysis that there are three distinct subformulas: 
Jx (x +y) =0, y=0' and Yzy = z. If we denote these by ¢, Y and x 
respectively, then the entire formula is 


(((¢ > 4) & (GV x)) > (HV x)) 
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The truth table for this formula is as follows. 


(i A) Oe I a a oe 
ne ek ae a a a et a ce 
S ee a eee oe ans oe 
1 0 @ fe ays oe OS 
Ll 8) Bo Oo eee Se ot oe SG 
o 1° 2 © Ga Lii eset @ word i 
re ee ee, eee, ee ee ee ee 
0 8 (Cee E a i 
& 1 GO wt = Ohio 6 =. Goat oF <9 


0000000000 


Solution 3.3 
Analysis of the formula shows that it can be written as 
($ > 4 > (4 >= x))) 


where ¢, ~ and x are the subformulas Yz x = y, 3z (z + 0”) = y and « = 0', 
respectively. Its truth table is as follows. 


€ 
l 
T 
< 
1 
g€ 
{ 


x))) 


SOC ORRFRHE BR 
bet 7 SD) et et OS 
SCOrRrFRCOFR Ff 
eee eee EY 
OrFrFROOFFH 
PR ORFF OF 


1 
0 
1 
0 
1 
0 
1 

1 1 1 0 0 

CROROROROROROMO 

We see from column (4) of this truth table that the formula is a tautology. 


Solution 3.4 


In each case we first give the meaning of the formula in the standard 
interpretation and then say whether or not it is true. 


(a) ‘The sum of 2 and 3 is 5.’ True. 
(b) ‘The product of 2 and 3 is 5.’ False. 


(c) ‘There is an x € N such that, for all y € N, z +y = y.’ True. We can 
take x = 0. 

(d) ‘Every z € N can be expressed in the form y? + y with y € N.’ False. 
For example, the number 1 cannot be expressed in this form. 


(e) ‘For all z € N, if x is odd, then z? is odd.’ True. 


© 


Solutions to the Problems 
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Solutions to the Problems 


Solution 3.5 


In each case, we first give the meaning of the formula and then say whether 
it is true in each of the interpretations. 


(a) ‘The equation x’ = x has no solutions.’ 


3.4 True. For each matrix & j E€ M, 


a b\’ (a+1 6 Spe ee a b 
c d = s d+ 1 an ence 1s dllferent trom a d s 


3.5 False. We have w’ = w, so x = w is a solution of the equation 2’ = x. 


3.6 False. We have a’ = a and ĝ' = 3, so both x = a and z = ĝ are 
solutions of the equation x’ = x. 


(b) ‘For all z, y in the domain, x + y’ = (£ +y)? 


3.4 True. For all ( ° T ae € M, 
E; deck 


a i: 1 e+1 f ae b+ f 
ec d oe “hots NN ee0- 24217 


3.5 True. Whenever x,y € N, the equation x + y’ = (x + y}' is 
equivalent to x + (y + 1) = (x + y) +1, which is true. It remains 
only to check the cases where x = w or y = w. We see that in all 
such cases, either z = w or y’ = w and hence z + y' =w. Similarly 
x+y =w and hence (x + y)! =w. So in all these cases 
x+y! = (x + y)'. Hence this equation holds for all x,y € N*. 


3.6 True. This time there are more cases to check. We have that: 


if x,y EN, then z +y' = z + (y + 1) and (x+y)! = (x +y) +1; 

if x €N, y= qa, then z +y' = z +a = and (x+y)! aia B; 

if x € N, y = b, thenz+y’ = x + b = a and (x +y) =a’ =a; 
Ersa pta Unst camer Ed a 
it=y=ġ; ea eo (a+a)’ 
if x = b, y £ B, then x+y’ = b and (x+y) = P' =f; 


if £ = y = p, then z +y' = b+ p' =p +8 =a and (z +y) = (8+ BY = 


Hence the equation x + y’ = (x + y)’ holds for all z, y € N**. 


(c) ‘For all x in the domain, 0- x = 0. 


b 
d 


c 
$ $ f eas $ 
0 0 es dF NO 0J 
3.5 True. For z € N, 0-2 = 0 and also 0 -w = 0. 
3.6 False. We have 0 - a = a and 0 - 8 = 2. 


3.4 True. For every matrix E€ M, 


T 
x 


‘For all x there is some y such that (y + y) = z or (y +y; =a.’ 


3.4 False. For instance, take for x the matrix ( ; in M. Whatever 


eel? > take f a 6) (a 6\_(% % 
ss, eee ee oe c dad) \2% 2d)’ 
which can never equal 5 ; for natural numbers b,c. Thus, for 
this x, there is no y in M for which the statement ‘(y + y) = 2’ is 


true. Likewise, for any matrix in M, 


a b @ -b sa 2a+1 2b : 
be dr Ay =( QC od + 1)» Which can never 


equal for natural numbers b,c. Thus, for this x, there is 


0 3 
5 70 
also no y in M for which the statement ‘(y + y)’ = x’ is true. 

Therefore there is no y in M for which the statement ‘(y + y) = x or 


(y +y)! = r’ is true. 
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=f =f; 


=Q. 


3.5 True. For any x € N, z is of the form 2y or 2y + 1 for some yeEN, 
so given such an x select the corresponding y accordingly. When x 
is w we have w + w = w, so that by taking y to be w, the statement 
‘(y +y) = 7’ is true, and thus the statement ‘(y + y) =z or 
(y +y)! = 2’ is also true. 

3.6 True. For any x € N, z is of the form 2y or 2y + 1 for some yEN, 


so given such an zx select the corresponding y accordingly. When x 
is a, we can take y to be 2, as then 3+ 6 =a, so that ‘yty)=2’ 


and thus ‘(y + y) = x or (y + y)' = x’ are true. When z is 3, we can 


take y to be a, as then a + a = £, so that ‘(y +y) = 2’ and thus 
‘(y +y) =z or (y +y)! = r’ are true. 


(e) ‘There is a y such that, for all z, (x + y) = (y + z). 


3.4 True. Take y to be the matrix f a in M. Then, for all 


matrices & p in M, 
ena 


a b 0- 0 a b 0 0 ar G 
& a) +(9 ade G3 aa + a of 
so that, for this y and all x in M, we have £ +y = y + z. 

3.5 True. Take y to be 0. Then for any x in N* we have 
0+2=2x2=2+0, so that for this y and all z in N* we have 
rE+y=yts. 

3.6 False. To demonstrate this we need to show that, for all y in N**, 
there is some « for which x + y # y + x. If y € N, we have 
a+ty=aandy+ta= Fa. If y is a then, for any natural 
number z,z+a=8#a=a+z. Lastly, if y is 8 then, for any 
natural number z, r+ B=a4¢G=B+x2. 


Solution 3.6 


In any interpretation in which ¢ is true, ~ is true (as w is a logical 
consequence of ¢), so that @ is also true (as @ is a logical consequence of 7). 


Thus @ is true in every interpretation in which ¢ is true, so that @ is a logical 


consequence of ¢. 


Solution 3.7 
The truth table for the formula ((¢ & (¢ > w)) > 4) is as follows. 


(¢ & @ > Ww) - YW 


1 1 1 
1 0 1 
0 1 1 
1 t =O) 


From this truth table we see that ((¢ & (¢ > v)) > 4%) is a tautology. 
Hence ~ is a tautological consequence of ¢, (¢ > w). Therefore, by 
Theorem 3.1, it is a logical consequence of these formulas. 


Solution 3.8 


Take any interpretation, which can have any non-empty set as domain. 
Because we interpret the symbol = to mean equality between elements of 
the domain, any way of assigning values to the variables x and y which 
makes x = y’ true automatically makes y’ = x true. Thus y’ = x is true in 
all interpretations in which x = y’ is true, so that y’ = z is a logical 
consequence of x = y’. 


Solutions to the Problems 


It is also the case that 

(w+w)’ = w, so that, when z is w, 
we can take y = w making the 
statement ‘(y + y)’ = x’ true, and 
thus the statement ‘(y + y) = x or 
(y +y) = r true. 


This is a further example of a 
logical consequence which is not a 
tautological consequence, as 

(z =y' > y' = z) is nota 
tautology. 
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SOLUTIONS TO ADDITIONAL 
EXERCISES 


Section 1 


1 (a) The string ends with a’, so we remove this and analyse the shorter 
string xo - (xo - (0’ + 0)). As this doesn’t end with a’ and doesn’t 
start with a left-hand bracket, it is a terminal string; but it is not of 
the form 0 or v, where v is a variable. So the original string is not a 
term. 


Von 
= 
aa 


This string is a term and has the following analysis. 


((xo - 0") + (zo - 0)) 


(c) We can see that the string involves the symbol = which is not 
allowed in a term. So the string is not a term. 


Note that our method of analysis would detect that the string is 
not a term as follows. As the string starts and ends with the 
correct sorts of bracket, we do the the bracket count, giving 


(a3 =((a1 + 22)-0")) 
ui 23 2 10 


There is no + or - in the place where the principal symbol is Here we have an example of 
expected, just the symbol =, so the analysis tells us that the string case (b) of Rule 2 for terms. 
is not a term — it is a terminal string that is not of the form 0 

or v, where v is a variable. 


Section 2 


1 (a) This is not an atomic formula because x + 0 is not a term 
(brackets are missing). 


(b) As (xo - x1) and ((xo - £1) + zo) are terms, this is an atomic 
formula. 


(c) As Vo (£o +24) is not a term, this is not an atomic formula (but it 
is a formula). 


2 (a) This is a formula. 


(b) This is not a formula: the string (xo + 21 + #1) is not a term (it is 
not adequately bracketed). 
(c) This is not a formula: the symbol = does not occur so the string 


cannot be built up from atomic formulas in accordance with 
Definition 2.2. 
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3 The formula can be analysed as follows. 


(Vay (xo =%VI%= 0) & Jar2 29 = x2) 


n eee 


Yri (xo = zı V t0 = 0) Are x9 = T2 
(fo = 27 N o=) To = T2 
To = T1 to = 0 


The formula has the following seven subformulas. 


To = Tı 
w= 
To = T2 


(so = 2 V ap = 0) 
Vari (Zo = 21 V 20 = 0) 
dre x9 = m3 
(Vay (%o = m V to = O) & Are Zp = 22) 
The Gödel numbers of these formulas are, respectively, as follows. 
915314516 
915314510 
915314517 
21315514716114131517141910932 
233165175 11418 81719:2829 
993175157141117 
273°51°7'1119131417'619423'29"43193724154394717531°5914611767? 
4 (a) This is the Gödel number of the string 


Varo day zo = (411 +21 +21) 


This string is not a formula. The string (x; + xı + 21) is not a 
term and hence xp = (xı + xı + 21) is not an atomic formula. 


(b) This is the Gödel number of the string 
(vo = 21 > 2% = 24) 
This string is a formula. 


(c) This is not even the Gédel number of a string of basic symbols 
since it is divisible by 17 but not by the smaller prime 13. Thus it 
is certainly not the Gödel number of a formula. 


Section 3 


1 (a) Let ¢ denote the subformula Vz (z = (y + x) & y = 0) and let ~ 
denote the subformula 3z x = z. The given formula is then 


((-¢ > v) V (“eV 9)) 
and its truth table is as follows. 
(jf ¢ = 7 ¥ © % V o) 
0 1 1 1 1 0 Lt 1 
0 i ee | Que EE elie? 0) ak 1 
1 0 1 1 1 0 1 0 0 
it  VOS Oa Oh At fe) eG) 
T 
tautology 


(b) Let ¢ denote the subformula æ = y, let 7 denote the subformula 
Jx x = y and let y denote the subformula Yz (x = y V 3x z = y). 
The given formula is then 


(ENDER ORR > 77¢9)) 

and its truth table is as follows. 

(it ivp e a tee e COS, 
1 1 1 1 il ji 0 1 1 0 1 
1 ee il Oi O° F Heat Oh Livi NO pert] 
1 al 0 1 T if 0 il 1 0 1 
1 1 SOs" SOP * ck 00, 20 1 
0 e? 1 1 1 MAUNE Aa 0 
0 ET oO” 9 1 E: N sit mG) 
0 0 O 1 1 e S a cls 6, 0) 
0 Gg tovo A F rO 

T 
tautology 


2 Ow table shows the intermediate stages in working out the truth table 
for ((¢ > Y) & (Y —> ¢)) alongside the table for (¢ = y). 


$o v (=v) Y>) (>&=) P=) 


fs 1 1 1 1 
1 £0 0 1 0 0 
Ont 1 0 0 0 
OF au 1 1 i I 
3 (a) The truth tables are as follows. 
TPR @ & WV ») 
1 1 i Wht el ig | | i ARS yi! 1 
1 1 ihe le 10 i N. te À 0 
ih T. e 1 iO Bit il 
1 OR a 20 ro E 40: “9 
0 Ory “Eo ak Gk sO i et 1 
0 On Eb OF 6) Oi SUS tee at 0 
0 M “OP alee Oo S, be 1 
0 0 0-07 0 02 307) 50 0 36 
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That these formulas do not have 
the same truth table is one reason 
why we reject the string 

(ġ & yV x) as a formula. It is an 
ambiguity comparable to that of 
the numerical expression 

(1x 2+3). 


(b) The formula (((¢ & Y) V x) e (¢& (WV x))) is not a tautology. For 
instance, when ¢, 7, x take, respectively, the values 0, 0, 1, the 
formula ((¢ & Y) V x) takes the value 1 and the formula 
(¢ & (Y V x)) takes the value 0, so that 
(((ġ & Y) V x)= (¢& (WV x))) takes the value 0. 


Let U = {u}, the set with one element u. Take u as the interpretation 
of the symbol 0. As interpretations of the symbols’ + - we take the 
operations given by 

u =u, utu=u, u-u=u 


respectively. Then we have an interpretation of the formal language 
whose domain is a one-element set. 


(a) ‘The operation - is commutative.’ 
3.4 False. Matrix multiplication in M is not commutative. For 


tl FP) (2 tp a Wie, 
example 1 1 f 0 = 2 1 whereas 
t TN 1) for3 
4 O)ha 12> 1 74e 


3.5 True. It can be seen from the table for - that this operation is 


commutative. 
3.6 False. We see from the table that a - 8 = 8 whereas 8- a =a. 
So the operation - is not commutative. 


(b) ‘For all x,y in the domain, z - y' = (x - y) +x. 
3.4 True. For all matrices D A y å E€ M, 


Cae S ER 
=A e ea le San) a= ap 


3.5 True. We check that, for all z, y E€ N*, x- y' = (x - y) +2, by 
considering all possible cases. 


z,y EN z:y' =x: (y+1)=(x-y)+x 
TESNA G zy’ =0-u =0-w=(0-w)+0=(r-y) +2 
x140, y=w z- y =a-0u=2-w=w=wt+er2=(r-w)+r=(r-y)+e2 
a ee) z- y =w: 0 =w=0+w=(w-0)+w=(x-y)+r 
E TE, gy =w- y =w=w+w=(w-y)+w=(z-y)+r 
3.6 True. Again, we check all possible cases. 


z,y EN z-y'=2:(y+1)=(z-y)+2 
r=a ay =a-y'=B=(a-y)+a=(r-y)+2 
r= x-y =f-y =a=(6-y)+B=(r-y)+2 
zEN,y=a «-y=2-0! =2-a=a=a4+2=(f-a)+2=(2-y)+2 
tEeN, y=8 wy =2-P=2-B=$=H+r=(r-f)+r=(x-y)+2 
(c) ‘For all x in the domain, 0 + 2 = x.’ 
3.4 True. For all matrices $ : eM, 


0 0 @ b a b 
(0 o)+( a)=( a) 
3.5 True. We can easily see this from the first row of the table 


for +. 
3.6 False. We see from the table for + that, for example, 0 + a = £. 
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(a) ‘For all x, y, z in the domain, ((a + y) - z) = (x + (y-z)).’ 
(1) True. For all integers x, y, z, it is true that 
(ec+y)—z=x2+(y-2). 
(2) False. For instance, (2 + 3) - 7 = 42, while 2 + (3-7) = 23 £ 42, 
so that the statement does not hold for all real numbers 2, y, z. 


(b) ‘For all z, y, z in the domain, ((x + y)- z) = ((w- z) + (y: z)).’ 
(1) False. For instance, (3 + 4) — 2 = 5, while 
(3 — 2) + (4 — 2) =345, so that the statement does not hold 
for all integers zx, y, z. 


(2) True. For all real numbers z, y, z, it is true that 
(x +y)z = zz +yz. 


(c) ‘For all x,y in the domain, there is a z in the domain such that 
(+z) =y. 
(1) True. We require that, given any integers x and y, there is 
some integer z such that x + (—z) = y. We can do this for any 
given x and y by taking z equal to the integer x — y. 


(2) False. For instance, take x to be 3 and y to be 0. Whatever real 
number we take for z, we will have z? > 0, so that 3 + 2? > 3, 
which means that there is no z for which x + z? = 0. 


(d) ‘For all x in the domain, there is a y in the domain such that y’ = x 
or (OF 7) =z 

(1) True. For any given integer x, there is an integer y such that 
—y = x: we simply take y to be —x. Thus for this y the 
statement ‘y’ = x’ is true, so that the statement ‘y’ = x or 
(O- y’) = x’ is also true. 

(2) True. Take any real number z. If x > 0, take y to be the real 
number yx, which makes the statement ‘y’ = x’ true, and thus 
also makes the statement ‘y’ = x or (0-y’) = 2’ true. If x < 0, 
take y to be the real number /—z. Then 
(—1) -y2 = —(/—2)? = —(—2) = zx, so that the statement 
‘(0 - y’) = x’ is true and thus the statement ‘y’ = x or 
(0 - y’) = r’ is also true. 


Let ¢ denote the formula Vx x = 0, let y denote the formula Jx x = 0 
and let x denote the formula Jz (x = 0 + Yx x = 0). Then we must 
show that (¢ V =W) is a tautological consequence of ~o and ~(x — Y); 
that is, we must show that 


(79 & (x +H) + (6 VW) 
is a tautology. We consider the truth table. 

ils 6 Be Spare a Se te sae 
0 1 ++ Opa 1 1 1 ise by =O 1 
0 1 (On 40he <0 1 1 1 1S wl} =O 1 
0 A: a 0 0 1 ; A pe | 0 
0 1 0502930 1 0 1 Tv 0 
1 0” o AE el 1 1 1 Da 07-0 1 
1 O 0. Oy. 0 1 1 1 o> 0) 20 1 
1 OS SS: 0 0 1 (Oe abe i 0 
1 0: 00 Om 0 1 0 1 OS 1 0 

T 
tautology 


Thus the required tautological consequence is established. 


See ee 
= 
N 
Co 


kk <= Ht Yat cong 
Š 
si 
w 
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addition symbol 7 

antecedent 28 

arithmetical symbols 7, 35 
interpretation 35 
standard interpretation 35 

a-symbol 12, 20 

atomic formula 17 


basic symbols 7 
bi-implication 7, 29 

interpretation 29 
brackets 8 


conjunction 7, 26 
interpretation 26 
connectives 7, 25 
interpretation 25 
consequence 
logical 39 
tautological 39 
consequent 28 


disjunction 7, 28 
intepretation 28 
domain 34 


existential quantifier 7, 34 
interpretation 34 


formal language 4 
formal proof 4 
formal system 4 
formula 17,19 
atomic 17 


Gödel numbers 23 
Hilbert’s Question 5 


identity symbol 7, 34 
interpretation 34 

implication 7, 28 
interpretation 28 

interpretation 34 
non-standard 35 
standard 35 


Leibniz’s Question 5, 35 
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